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The ancients versus the moderns, 
a new battle of the books 


MORRIS KLINE, New York University, New York, New York. 
Teachers of mathematics must face the issues pertaining 

to the reform of the high school curriculum. 

Morris Kline clearly and forcefully expresses one point of view. 
He has been kind enough to consent to an arrangement 

which enabled A. E. Meder, Jr., Rutgers University, 

to formulate a reply published on pages 428-433 of this issue. 


INTRODUCTION 


Berore | ENTER upon my discussion of 
curriculum, I should like to take this occa- 
sion to express my thanks to Professor 
Howard Fehr for the opportunity to 
speak to you today. Professor Fehr and I 
have delivered talks at other meetings 
and, at least insofar as he has represented 
the Commission on Mathematics of the 
College Entrance Examination Board, he 
and I have taken different positions. Nev- 
ertheless he invited me to speak because 
he wanted all points of view to be pre- 
sented to you. I regard his invitation 
therefore as proof of his high-mindedness, 
liberality, and true leadership of The 
National Council of Teachers of Mathe- 
matics. 

I have one more supplementary re- 
mark to make. The major part of my talk 
is a critique of the movement to teach 
modern mathematics in the high schools. 
My understanding of what this movement 
amounts to has been derived from talks I 
have heard, from conversations with nu- 
merous advocates of the movement, from 
printed materials, and from articles ap- 
pearing in THe MatHematics TEACHER 


1 This material was originally presented at the 
Thirty-sixth Annual Meeting of the National Council 
of Teachers of Mathematics at Cleveland, Ohio on 
April 11, 1958. 


and other journals. In particular, there is 
a rather definitive article written by 
Dean A. E. Meder in Toe Maruematics 
TeacuHer for October 1957. This article 
appeared to be so important in presenting 
the views of the Commission on Mathe- 
matics that tens of thousands of preprints 
were run off and distributed around the 
country. But just a month ago, Dean 
Meder and I debated with each other at 
Ohio State University, and Dean Meder 
presented previews of the Commission’s 
forthcoming recommendations that were 
more moderate than those advocated in 
the published article. I am not at all satis- 
fied with the more moderate views either, 
and I shall try to show why a little later. 
However, the moderation may indicate 
that perhaps insofar as the Commission is 
concerned, modern mathematics is dying. 
But I recall that it took thirty stabs to kill 
Caesar. Moreover, if this hydra called 
modern mathematics has lost one of its 
heads, there are others to be chopped off. 
I shall proceed therefore to do the dirty 
work. 


CRITICISM THAT TRADITIONAL 
MATHEMATICS IS OUTMODED 


My first objection is perhaps more of a 
quarrel about words rather than about 
substance, about arguments presented by 
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the modernists rather than about the sub- 
ject matter they are proposing. Neverthe- 
less I believe that the point I shall make 
warrants some attention. The argument 
most often offered by the modernists is 
that the mathematics we have been teach- 
is outmoded because it is several hundred 
years old. This argument impresses people 
because we are prone in our modern 
civilization to believe that what is new is 
automatically better than what is old. To 
people who believe that a 1958 automobile 
is already out of date by the fall of 1958 it 
seems immediately clear that three-hun- 
dred-year-old mathematics must be hope- 
lessly antiquated. Leaving aside the ques- 
tion of whether a 1958 automobile is really 
better than its: predecessors, let me point 
out that if there is one subject in which up- 
to-dateness is totally irrelevant, it is mathe- 
matics. Mathematics has been built solidly, 
at least since Greek times, and generally 
the later developments have depended logi- 
cally upon the earlier ones. Mathematics 
is, in other words, a cumulative develop- 
ment. Hence the older portions do not be- 


come antiquated or useless. In a subject 
such as physics, a new theory will often en- 
tirely replace an old one. For example, 
we no longer speak of a phlogiston theory 
of combustion. But this is not true of 
mathematics. The geometry of Euclid and 


the trigonometry of Hipparchus and 
Ptolemy, although two thousand years 
old, are still not replaced by a new geom- 
etry and trigonometry that show the old 
subjects to be incorrect or useless. 

Moreover, the modernists themselves 
do not wish to throw out all of the older 
mathematics. They would teach some 
Euclid and some trigonometry. They cer- 
tainly wish to teach the calculus and co- 
ordinate geometry that are three hundred 
years old. If the argument that what is old 
is definitely bad is a sound one, then cer- 
tainly all of the old mathematics should 
be thrown out. 

Now I know that the modernists don’t 
mean to argue that what is old is necessar- 
ily bad. Hence all that I ask is that the 


modernists stop emphasizing the word 
“modern” with all its connotations. That 
word serves only as propaganda or as an 
appeal to an argument by analogy, and 


-every mathematician knows that an argu- 


ment by analogy is not reliable. 

The modernists also give the impression 
that the topics they recommend are the 
main ones now claiming the attention of 
mathematicians. But many more mathe- 
maticians are still advancing such sub- 
jects as ordinary and partial differential 
equations, integral equations, numerical 
analysis, algebraic geometry, integral 
transform theory, approximation pro- 
cedures, and other branches of analysis. 
These modern mathematical interests and 
activities somehow have escaped mention. 


VALUE OF MODERN MATHEMATICS 
FOR MATHEMATICS PROPER 


Let us put aside, however, any conten- 
tions about a weak or misdirected argu- 
ment and examine on its own merits the 
contents which the modernists advocate. 
The modernists would replace material 
currently taught by such topics as sym- 
bolic logic, Boolean algebra, set theory, 
some topics of abstract algebra such as 
groups and fields, topology, postulational 
systems, and statistics. I have no objec- 
tion to the introduction of statistics, but 
I should like to examine the value of the 
other subjects from the standpoint of their 
central position in the body of mathemat- 
ics and from the standpoint of application. 

As for importance in the body of mathe- 
matics, I believe it is fair to say that one 
could not pick more peripheral material. 
Let me consider a few of these subjects, 
for example, symbolic logic. No mathema- 
tician except a specialist in problems of 
mathematical logic uses symbolic logic. 
First of all, every mathematician thinks 
intuitively and then presents his arguments 
in a deductive form, using words, familiar 
mathematical symbols, and common logic. 
This is true of 99.9 per cent of all the 
mathematics that has been created. Spe- 
cialists in foundation problems, who have 


Ancients versus the moderns A19 


| 

| | 

| 

| 

| 
| 

{ 

| 


to worry about the ambiguities and impre- 
cision of ordinary language, do resort to 
symbolie logic. But even these people 
know what they want to say intuitively 
and then express their thoughts in special 
symbols. Let us be clear that the symbolic 
logic does not control or direct the think- 
ing; it is merely the compact written ex- 
pression of the real thinking. One must 
know what he wants to say before he puts 
it in symbolic form and, indeed, make 
sure that the symbols express what is in- 
tended rather than that the symbols tell 
him what he means to say. Hence not only 
is symbolic logic not used by almost all 
mathematicians, but those who do use it 
do their effective thinking first in more 
common language. Moreover, if the in- 
vestigations in symbolic logic have taught 
us anything, it is that this medium cannot 
encompass any significant portion of 
mathematics. 

Let us consider next the centrality of 
topology in mathematics. Topology is a 
new and as yet relatively untried branch 
of mathematics. It makes no contribution 
to the essential subject matter of algebra, 
trigonometry, co-ordinate geometry, cal- 
culus, and differential equations. As to its 
role in geometry, Euclidean geometry, 
non-Euclidean geometry, projective ge- 
ometry, and differential geometry are far 
more basic. Let me also add a caution here. 
Such topics as the Kénigsberg bridge prob- 
lem, the four-color problem, and the 
MObius band are not topology. They are 
incidental details, curiosities, and amuse- 
ments of the caliber of magic squares. The 
real matter of topology has not even been 
mentioned by the modernists; hence they 
should not deceive themselves and others 
that they are teaching topology. 

Boolean algebra plays no role at all in 
mathematics. Set theory, which is closely 
related, is used only in topology and in the 
foundations of the theory of real functions 
and of the theory of probability. Set theory, 
then, plays a limited role in mathematics. 

Insofar as elementary mathematics is 
concerned the concepts of abstract alge- 


bra are of use only in unifying some funda- 
mental branches. After one knows the 
various types of real numbers, complex 
numbers, vectors, matrices, and trans- 
formations, it is nice to learn that these 
many mathematical entities have a few 
properties in common. But if one does not 
know, and know thoroughly, these basic 
subjects, then the group concept, for ex- 
ample, has nothing to offer. It appears to 
be an empty subject, an arbitrary creation 
of mathematical phantasy. 


THE VALUE OF MODERN MATHEMATICS 
FOR APPLICATIONS 


And now let me consider the second 
value claimed for these modern topics, 
namely, their use today in applications. 
My evaluation is that they are practically 
useless. Some examples have been offered 
to show how Boolean algebra and sym- 
bolic logic can be used to form committees. 
But these committees will do less good 
than ‘some of our Congressional commit- 
tees. Of course such applications are 
totally artificial. The claim is made that 
Boolean algebra is used to design switch- 
ing circuits. This claim is technically cor- 
rect, but it justifies teaching Boolean alge- 
bra to high school students about as much 
as the argument that the Presidency of 
the United States is important because 
it publicizes the game of golf. The claim is 
made that the newer mathematics is 
wanted by the social scientists. Here we 
must face some hard facts. Except through 
statistics, the social sciences have made no 
real applications of mathematics and, in 
fact, are still getting nowhere fast. The 
social sciences are hardly sciences, let 
alone mathematical sciences. If fifty or one 
hundred years from now the social sciences 
make some significant use of mathematics, 
any kind of mathematics, we’ll teach it. 
But even then there will be some question 
as to whether it should be taught on the 
high school level. 

It seems curious to me that when the 
modernists talk about applications they 
make no mention of the application of 
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mathematics to mechanics, sound, light, 
radio, electricity, atomic and nuclear 
theory, hydrodynamics, aerodynamics, ge- 
ophysics, magnetohydrodynamics, elastic- 
ity, plasticity, chemistry, chemical phys- 
ics, physical biology, and the various 
branches of engineering, If there are ten 
people in this world designing switching 
circuits, there are a hundred thousand 
scientists in these other fields. And what 
mathematics is used in these fields I have 
mentioned? Because I work in a large 
institute devoted to applied mathematics, 
I believe I can tell you. The subjects are 
algebra, geometry, trigonometry, co-ordi- 
nate geometry, the calculus, ordinary and 
partial differential equations, series, the 
calculus of variations, differential geom- 
etry, integral equations, theory of opera- 
tors, and many other branches of analysis. 


THE EFFICIENCY 
OF THE ABSTRACT APPROACH 
TO TRADITIONAL MATHEMATICS 


The modernists often claim that they 
wish to teach much of the standard ma- 
terial but that they will do so more effi- 
ciently through a unified point of view 
made possible by the modern concepts. 
The prime example they offer is the con- 
cept of a field, and the presumed ad- 
vantage of teaching fields first is that the 
rational, real, and complex numbers form 
a field. Setting aside for the moment the 
difficulties young people may have in learn- 
ing the concept of a field, let us see what is 
gained. When one has a field, one has a 
system of elements that combine under 
two operations. These operations satisfy 
five properties, closure, the associative and 
commutative laws, and the existence of 
an identity and of an inverse. In addition, 
there is the distributive law connecting 
the two operations. Suppose a student 
knew all these properties. Would he be 
able to add 2 and 2? Would he be able to 
add fractions, irrationals, complex num- 
bers? No. And the reason is that just be- 
cause the field properties are those which 
are common to all these systems of num- 


bers, they automatically wipe out any 
distinguishing features. The field concept 
wipes out just those important processes 
which are needed to operate with these 
basic number systems. I conclude that a 
person with an excellent knowledge of 
fields could not even make change in a 
grocery store. To put it otherwise, fields 
do not explain the types of numbers and 
operations with them. In fact, it is just the 
reverse. A good understanding of the vari- 
ous number systems explains the concept 
of a field. Hence insofar as efficiency is 
concerned, the time that is wasted is the 
time spent teaching the abstract concept. 

The same kind of argument applies to a 
subject such as topology. Even if we really 
taught topology and not the curiosities 
commonly described as topology, the stu- 
dents could not with this knowledge find 
the area of a triangle, because by very 
definition topology is not concerned with 
particular metric geometries. We would 
still have to teach the specialized geom- 
etry. 

Let us remember that the more general 
the mathematical concept, the emptier it 
is. 

TEACHING THE ABSTRACT 
BEFORE THE CONCRETE 


The modernists make other claims for 
their material. They say that their ma- 
terial is a new point of view as much as 
new content. This is true, but what is the 
point of view? In the first place, their mod- 
ern mathematics is highly abstract. 
Groups, rings, and fields, as I have already 
indicated, are abstractions from various 
more concrete algebras. Topology is a gen- 
eralization of Euclidean, non-Euclidean, 
and projective geometry. Postulational 
systems are an abstraction from the de 
ductive structure of the various branches 
of mathematics. Even the simple concepts 
have become abstract. The old-fashioned 
x which used to stand for an unknown 
number is now the place holder for the 
pronumeral of the name of a number, or is 
it the pronumeral of the place holder of 
the number of names? Of numbers them- 
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selves we can no longer speak. We have 
only names for numbers. The numbers 
themselves are in heaven. 

How can we expect students to learn the 
abstract before the concrete? I thought 
that the educators were the ones who al- 
ways stressed that the concrete must come 
first. Certainly if one judges by the time it 
took great mathematicians to learn the 
concrete cases, one can hardly believe that 
the abstract ideas can be taught to young 
people. It took mathematicians a few 
thousand years to understand the irra- 
tional number, and yet we presumably can 
teach Dedekind cuts to high school people. 
It took mathematicians three hundred 
years to understand complex numbers, but 
we can teach at once that a complex num- 
ber is an ordered pair of real numbers. It 
took about a thousand years to under- 
stand negative numbers, but now we have 
only to say that a negative number is an 
ordered pair of natural numbers and, 
presto, the idea is learned. From Galileo 
to Dirichlet, mathematicians struggled to 
understand the concept of a function, but 
now domain, range, and ordered pairs such 
that no two second members may be dif- 
ferent for the same first member do the 
trick. From the ancient Egyptians and 
Babylonians to Vieta and Descartes, no 
mathematician realized that letters could 
be used to stand for a class of numbers, 
but now we are told that the simple notion 
of set yields the concept immediately. The 
point of an investigation such as topology 
came to mathematicians after they had 
analyzed Euclidean and the other geom- 
etries I have mentioned, but somehow 
these other geometries are apparently not 
needed to see the point of topology. 

Were these great mathematicians really 
not so great, or are there not intrinsic dif- 
ficulties in all these concepts that cannot 
be hurdled by jumping into abstractions? 


CRITICISM OF 
THE MODERNIST RIGOR 


The second major change in viewpoint 
which the modernists advocate is more 


rigor. We can no longer present Euclidean 
geometry 4 la Euclid but must present it 
4 la Hilbert. Dedekind cuts and Peano’s 
axioms are the new order of the day in 
teaching numbers. And symbolic logic 
must rectify the weaknesses of Aristotelian 
logic. 

The desire to incorporate more rigor is 
ill-advised for many reasons. First of all, 
the capacity to appreciate rigor must be 
developed. The capacity to appreciate 
rigor is a function of the age of the student 
and not of the age of mathematics. Those 
who do not pbelieve that mathematical 
maturity is needed to appreciate rigor 
should be guided in this matter, too, by 
the history of mathematics. For two 
thousand years after it was created, the 
best minds in Western civilization ac- 
cepted Euclidean geometry as the prime 
example of rigor. Will young people, then, 
appreciate the deficiencies in Euclidean 
geometry? For two thousand years the 
mathematicians worked with whole num- 
bers, fractions, and irrational numbers on 
an intuitive basis. Despite the fact that 
many of them were troubled by the diffi- 
culties in the concept of the irrational 
number, they did not succeed in eliminat- 
ing those difficulties until the sophisticated 
concept of Dedekind cuts or Cantor se- 
quences was created. If it took mathema- 
ticians so long to arrive at the logical con- 
cept of the irrational number, can we be- 
lieve that young people will appreciate it 
at once? The introduction of symbolic 
logic, insofar as it is an effort to provide 
rigor, is likewise countered by the histori- 
cal fact that Aristotelian logic not only 
sufficed for two thousand years but, as I 
pointed out in another connection, still is 
the logic used by practically all mathe- 
maticians. 

As a matter of fact, much of this rigor 
does little good. Let us consider the real 
number system. As I just remarked, math- 
ematicians used the various types of real 
numbers for thousands of years and knew 
all along exactly what properties these 
numbers must have. But, having become 
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somewhat rigor-conscious and conscience- 
stricken in recent times, they decided that 
they must supply a logical basis for the 
number system. And so they started with 
Peano’s axioms, and by introducing 
couples of natural numbers, couples of 
signed numbers, Dedekind cuts, and the 
like, they managed to build up a logical 
basis for what they had known and used 
all along. Having done so, they forget all 
about this artificial, formal, and meaning- 
less structure and continue to use num- 
bers on the intuitive level just as they had 
done prior to the logical construction. All 
that the rigor accomplished was that the 
mathematicians salved their consciences. 

The presentation of mathematics in 
rigorous form is ill-advised on other 
counts. Mathematics must be understood 
intuitively in physical or geometrical 
terms. This is the primary pedagogical ob- 
jective. When this is achieved, it is proper 
to formulate the concepts and reasoning in 
as rigorous a form as young people can 
take. But let us always remember that the 
rigorous presentation is secondary in im- 
portance. As Roger Bacon said, “Argu- 
ment concludes a question; but it does not 
make us feel certain, or acquiesce in the 
contemplation of truth, except the truth 
also be found to be so by experience.” Let 
me cite some other wise advice in this con- 
nection. Three hundred years ago Galileo 
said, “Logic, it appears to me, teaches us 
how to test the conclusiveness of any argu- 
ment or demonstration already discovered 
and completed ; but I do not believe that it 
teaches us to discover correct arguments 
and demonstrations.” And Pascal said 
somewhat impertinently, ‘Reason is the 
slow and tortuous method by which those 
who do not know the truth discover it.” 
The proper finesse rather than logic is 
what is needed to do the correct thing. Of 
recent vintage is the observation by Her- 
man Weyl, “Logic is the hygiene which 
mathematics practices to keep its ideas 
healthy and strong.” If I may exaggerate 
slightly, I would put it that rigor is the 
gilt on the lily of real mathematics. 


There is another point about the intro- 
duction of rigor which, I believe, has been 
lost sight of. In presenting rigorous de- 
velopments of the number system and of 
geometry we first have to make the stu- 
dents aware of the difficulties and then 
meet them. The reason for this in the case 
of numbers is that the students have long 
understood numbers intuitively through 
their elementary school training. In the 
case of geometry, students use figures 
which automatically take care of the very 
points, such as order, which the rigorous 
presentation covers. Hence we have to 
spend a great deal of time in making a 
student aware of what he has accepted on 
an intuitive or visual basis and then prove 
these facts. The student is unimpressed. 
He knew all this before. In fact, he fails to 
grasp just what we are after. Are we try- 
ing to prove the obvious? Surely, he 
thinks, we can’t be that foolish. 

I might say parenthetically that the en- 
tire emphasis on rigor today is most anom- 
alous. There never was a time when the 
question of what is rigorous mathematics 
was less clear. I cannot enter here upon the 
history of rigor or on the difficulties in 
building mathematics rigorously, but I 
will point out that there are serious and 
unresolved controversies concerning what 
is rigorous mathematics. We do know that 
many mathematicians are sufficiently 
skeptical of whether we shall ever settle 
this question to make sarcastic remarks 
such as “logic is the art of going wrong 
with confidence”’; “the virtue of a logical 
proof is not that it compels belief but that 
it suggests doubts” ; “a mathematical proof 
tells us where to concentrate our doubts.” 
Not only have the standards of rigor var- 
ied from one age to another, but today 
rigor in mathematical logic is one thing; 
rigor in foundations is another; rigor in 
analysis is still another; and rigor in ap- 
plied mathematics is entirely different. 
The whole attempt to inject rigor in math- 
ematics has amounted to picking up 
jewels only to discover serpents under- 
neath. 
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‘THE ISOLATION FROM REALITY 


The modernist program is deficient in 
another respect. It ignores completely the 
primary reason for the existence of mathe- 
matics and the chief motivation for the 
study of mathematics, narhely, the inves- 
tigation of nature. Mathematics is signifi- 
cant and vital because it is the chief in- 
strument for the study of the physical 
world. On the other hand, the pure math- 
ematics which the modernists wish to pre- 
sent is pointless mathematics, a manipula- 
tion of meaningless symbols which can ap- 
peal only to an esoteric group. 

Let me consider an example of how far 
the modernists depart from reality. The 
real number system and Euclidean geom- 
etry are in themselves abstractions from 
reality, but at least students can see their 
relationship to the physical world or it can 
readily be made evident. In undertaking 
to teach deductive structure, the mod- 
ernists propose to use abstract and arti- 
ficial postulational systems. The signifi- 
cant systems, such as Euclidean geometry 
and the real number system, are too com- 
plex. It is true that these physically sig- 
nificant deductive systems are complex, 
but even if students do manage to get 
some glimpse of deduction from artificial 
systems, what will they conclude? After 
studying meaningless axioms and mean- 
ingless theorems, their natural conclusion 
will be that the whole business is meaning- 
less. 

The traditional curriculum is already 
meaningless, and by heading for abstract 
mathematics the modernists are moving 
farther away from reality. To teach pure 
mathematics apart from physical prob- 
lems is to lose the gold and keep the iron 
in the ore of real mathematics. The mean- 
ing of mathematics, if I may be somewhat 
paradoxical, is not in mathematics. 


OMISSION OF THE LIFE 
AND SPIRIT OF MATHEMATICS 


Another objection to the modernists’ 
program that is directed toward their aim 


to be rigorous and abstract is that it fails 
to present the life and spirit of mathe- 
matics. Mathematics is a creative or in- 
ventive process, deriving ideas and sug- 
gestions from real problems, idealizing 
and formulating the relevant concepts, 
posing questions, intuitively deriving a 
possible conclusion, and then, and only 
then, proving the hunch or intuitive argu- 
ment deductively. Intuition and construc- 
tion are the driving forces of mathe- 
matics. 

All of these values are ignored in a pres- 
entation of finished, abstract, rigorous 
mathematics. This version is in fact an 
emasculation of mathematics. It perhaps 
shows us how questions are answered, but 
not why they are put or how the answers 
are conceived. Arithmetic, algebra, ge- 
ometry, trigonometry, and the calculus 
did not come about by manipulating 
meaningless symbols or by playing games 
according to rules. To have students like 
and understand mathematics we must 
help them create it for themselves. As their 
experiences increase and as they encounter 
the need for stricter formulation and 
checks on intuition, their appreciation of 
the need for proof, rigor, and finished 
presentations will grow. 


THE NEW POSITION OF 
THE COMMISSION ON MATHEMATICS 


I mentioned at the beginning of this 
talk that a month ago Dean Meder pre- 
sented the forthcoming recommendations 
of the Commission on Mathematics and 
that these were not as extreme as the 
views I have been attacking. But I also 
said that these views were equally unsat- 
isfactory. As I understand his remarks, it 
appears that the first year of high school 
algebra will hardly be changed. The word 
“set’”’ is to be introduced, but that is all. 
If this is all, then I do not see that any- 
thing is really being recommended insofar 
as this year’s work is concerned. The word 
“set”? means no more than “class” or “‘col- 
lection.” It is a word that any teacher 
might think of using without expecting to 
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be honored for thinking of it. The word is 
not a magic formula that will suddenly 
illuminate mathematics of make the sub- 
ject attractive. 

Insofar as the second year’s work is con- 
cerned, the major change seems to be to 
cut down on Euclidean geometry and to 
substitute co-ordinate geometry for the 
discarded material. To my mind, this 
change is not significant. In the first place, 
if we are talking about the college prep- 
aratory group and if the first two years 
are intended as preparation for later work, 
then the amount of Euclidean geometry 
that would be taught is not enough. The 
argument that co-ordinate geometry will 
be used to prove further results of Eu- 
clidean geometry is not strong. Proofs by 
co-ordinate geometry may be more system- 
atic but are much clumsier. Moreover, 
students will be frightened by the amount 
of algebra they have to use. Algebra is the 
bane of students. 

The recommendations for the third and 
fourth years were in part agreeable. There 
are parts of trigonometry, such as loga- 
rithmic solution of triangles, that can be 
discarded, and the introduction of sta- 
tistics is, I believe, warranted. 

But the major criticism I would make of 
even this more moderate program is that 
if it backs away from modern mathematics 
it only backs into a minor reshuffling of 
the traditional curriculum. In view of the 
fact that we have failed miserably to put 
mathematics across with the traditional 
curriculum, it seems to me that the Com- 
mission’s recommendations are not going 
to improve the teaching of mathematics. 


PRINCIPLES OF A NEW APPROACH 
ji TO THE CURRICULUM 


Genuine improvement of the curriculum 
does call for drastic revision, though not of 
course by resorting to modern mathe- 
matics and not by merely reshuffling the 
traditional mathematics. Just what should 
we be doing? Let me begin by stating that 
we have not thus far correctly analyzed 
the weakness in the present curriculum. 


The trouble is not that we are teaching 
outmoded mathematics, except for one or 
two topics. Rather, the trouble lies in the 
way in which we approach the material 
we teach. I shall try to indicate the prin- 
ciples which would guide a revision of our 
present approach. 

Have you ever taken into account how 
intrinsically more difficult it is to arouse 
interest in mathematics than in history or 
literature? Mathematics of any kind is ab- 
stract, and the role that it plays in human 
thought is not a priori clear, whereas 
every student knows what history is 
about, why he is expected to study his- 
tory, and what he might gain from it. 

My first principle, then, is that we must 
begin our teaching of mathematics by 
seeking to arouse interest in the subject. 
If this is agreed upon, then we should 
select material which will serve the pur- 
pose of arousing interest. But what in- 
terest can young people find in simplify- 
ing fractions, in factoring, in exponents, 
in the quadratic formula, and in all the 
other dirty, intrinsically meaningless, 
boring processes that we teach in first-year 
algebra? The fact is that we have been 
guided in our choice of material not by the 
effort to arouse interest but to teach the 
mathematics that will be needed in the 
subsequent study of the subject. Our con- 
cern, in other words, has been with prep- 
aration for the future. But with such an 
introduction to mathematics, few stu- 
dents want a future in the subject. 

Some people may object that we cannot 
afford to waste years in arousing interest. 
Let us suppose, to take the worst possi- 
bility, that nothing we teach in the first 
two years will advance the student tech- 
nically. Have we then lost two years? Not 
at all. Since we wish to interest more 
students in mathematics and we now dis- 
courage and lose most of the students who 
take the subject, the “preparation” we 
now give them for advanced work is 
wasted and in addition we have built up a 
dislike that hurts us. Actually we would 
not lose any time. Since students work 
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hard at what they like, those who go on 
will readily make up for lost time because 
they have become interested. Moreover, 
we would be teaching some technique 
while solving interesting problems. Fur- 
ther, if we succeed in giving students some 
insight into the purposes and ways of 
mathematics and into the uses of tech- 
nique, the students will really learn what 
they are taught, and we shall not have to 
repeat the meaningless techniques in 
intermediate algebra and college algebra 
courses. 

My second principle is that regardless of 
how we arouse interest in mathematics, 
even if it be through games, we must sup- 
ply motivation and purpose to the mathe- 
matics we teach. This means that we must 
motivate each topic with a genuine prob- 
lem and show that the mathematics does 
something to solve that problem. But let 
us be clear on this point. For young 
people, at least, the motivation for a 
mathematical idea or method is not a more 
advanced mathematical idea or method. 
The motivation for learning about func- 
tions is not to learn how to differentiate 
or integrate functions. In view of the 
actual motivation for the creation of 
mathematics, the motivation we can use 
is the solution of simple, genuine, and 
basic physical problems. Of course the 
social sciences, art, and music also provide 
good problems. The motivation must not 
be confused with the mathematics that 
will be used to solve the problem, but the 
motivation should be there. 

Third, since even the great mathema- 
ticians think intuitively, we must all be 
sure that the intuitive meaning of each 
mathematical idea or procedure is made 
intuitively clear to the students. This in- 
tuitive side of mathematics is in fact the 
essence of the subject. Mathematics is 
primarily a series of great intuitions. The 
way to make the meaning of an idea clear 
is to present it in the intuitive setting that 
led to its creation or in terms of some 
simple modern equivalent. Physical or ge- 
ometrical illustrations or interpretations 


will often supply this meaning. Thus 
8= 16 is not just a quadratic function. It 
is a law of falling bodies, and s and ¢ have 
definite and clear physical meanings. The 
fact that s=16@ and not 16¢ also has an 
important physical significance and makes 
the quadratic feature impressive. Numeri- 
cal examples, and especially examples 
wherein the process or theorem fails, help 
to make meanings clear. 

Of course something must be done to 
teach the concept of proof and the lan- 
guage of mathematics, even though sym- 
bolism and sparse presentation of proofs 
often conceal the ideas. Proof should be 
emphasized mainly in establishing what is 
not obvious and even runs counter to un- 
trained intuition. Insofar as rigor is con- 
cerned, E. H. Moore’s precept. is applica- 
ble, “Sufficient unto the day is the rigor 
thereof.” And by the day I mean the 
student’s age. Fortunately, young people 
(and even older ones) will accept as rigor- 
ous and acquire a feeling for proof from 
proofs that are really not rigorous. Is this 
deception? I call it pedagogy. At any rate, 
it is no more deception than we practice 
on ourselves. As our own capacity to ap- 
preciate more rigorous proofs increases, 
we are able to see flaws in the cruder 
proofs taught to us and to master sounder 
proofs. But again let me warn you that 
there are no final rigorous proofs. Not all 
the symbolism of modern symbolic logie, 
Boolean algebra, set theory, postulational 
methods, and topology can make mathe- 
matics rigorous, and these ideas certainly 
do not make mathematics more under- 
standable or acceptable to young people. 

Fourth, knowledge is a whole, and 
mathematics is a part of that whole. Math- 
matics in every age has been part of the 
broad cultural movement of the age. We 
must relate the mathematics to history, 
science, philosophy, social science, art, 
music, literature, logic, as well as to any 
other development which the topic in 
hand permits. We should try as far as 
possible to organize our material so that 
the development of the mathematics 
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proper is related to the development of 
our civilization and culture. At the very 
least, each major topic should be imbedded 
in the cultural context which gave rise to 
it and should be capped by a discussion 
of what the creation has done to influence 
the development of our civilization. 

I shall not attempt in this brief talk to 
give a detailed outline of courses. I will 
say that my conception of the first two 
years of high school mathematics would 


entail a radical revision of the present cur- 
riculum. I have worked on material for 
high school and college courses, and I am 
convinced that we can make mathematics 
attractive and meaningful. In fact, the 
present high position of mathematics in 
our culture means that the subject does 
have extraordinary interest, purpose, 
meaning, and significance. We cannot 
doubt, then, that it is possible to make 
the subject live. 


Have you read? 


BenJaMIN, Harovp R. ‘‘The Saber Tooth Tiger 
Returns,”’ Indiana Teacher, May 1958, pp. 
424, 425, and 444. 


This is not an article about mathematics, but 
those of you who have lived through several 
changes in curriculum will enjoy this little satire 
on the period from 1958 to 2008. For example, 
schools abdicate to nonschool agencies, mass 
communications, labels, and slogans. The sig- 
nificant trend is the central belief of the indi- 
vidual. Every learner is unique. Performance 
is only on the basis of the individual. Every 
school has its own program. Everyone is edu- 
cated by desire. Well, this is a pleasant fan- 
tasy—tread it and see.—Puivip Peak, Indiana 
University, Bloomington, Indiana. 


Bryan, Joun C. “Mathematics in General 
Education,’’ School Science and Mathe- 
matics, April 1958, pp. 249-255. 


Those of us in mathematics have always 
known that mathematics makes a contribution 
to general education. Mr. Bryan brings out 
this and other points pertinent to our mathe- 
matics curriculum. He believes that this general 
education in mathematics can and should be in- 
teresting and challenging. He points out how 
advanced mathematics may really be a clarifica- 
tion process, that concepts are of much value to 
anyone deserving a general education, and that 
abstraction may be fascinating to even non- 
mathematics-directed students. I am certain 
you will agree with the idea of more thorough 


exploration of the field, an emphasis on encour- 
aging more critical thinking, and a tying to- 
gether of all the parts of mathematics. Mr. 
Bryan’s illustrations clarify his points.— 
Peak, Jndiana University, Bloomington, 
Indiana. 


Buswe.u, G. T., Comparison of Achieve- 
ment in Arithmetic in England and Central 
California,” The Arithmetic Teacher, Febru- 
ary 1958, pp. 1-9. 


Today we are all looking at our programs of 
mathematics. Therefore, I think you will be 
interested in this article, which is the report of 
a study made in January 1957 by the Depart- 
ment of Education of the University of Cali- 
fornia. The study consisted of administering a 
100-item mathematics test, developed in Eng- 
land for the examination of 11-year-olds, to 
English and American groups equated as to age. 
The groups were random samples of regular 
students of the 1l-year age. 

You will be surprised and perhaps disap- 
pointed in some of the results. For example, the 
English students did better in both computation 
and problems, the top in England was 16 points 
higher than the top in California, and California 
had more students at the bottom. There may 
be reasons for all this, but you should read the 
article and come to your own conclusions. You 
will be interested in the type of questions, I am 
sure.—Pur.ip Peak, Indiana University, Bloom- 
ington, Indiana. 
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The ancients versus the moderns— 


a reply 


ALBERT E. MEDER, JR., Rutgers University, New Brunswick, New Jersey. 


Boru Proressor and the Editor 
of THe Marnematics TEACHER have 
very courteously and generously offered 
to let me read the manuscript of the fore- 
going article and to comment upon it from 
the point of view of the Commission on 
Mathematics. Let me begin with a sin- 
cere expression of thanks for this courtesy 
and the evidence it constitutes that Pro- 
fessor Kline desires the debate to be con- 
ducted on a high level of intellectual in- 
tegrity. I share this view. 

May I next take up an item that may 
be considered a matter of personal priv- 
ilege? Professor Kline refers to an article 
of mine in THe Martuematics TEACHER 
of October 1957 as one from which he de- 
rived, in part at least, his understanding 
of the nature of the movement to teach 
modern mathematics in the high school. 
However, there is not one word in this 
article in this article in advocacy of the 
views opposed by Professor Kline in his 
paper. My article was not a presentation 
of the nature of the movement to teach 
modern mathematics in the high school or 
an argument in its behalf; it was rather an 
attempt to explain the nature of modern 
mathematics. It stated in so many words 
that “many teachers have been present- 
ing traditional content from a point of 
view accurately described as modern’; 
emphasized that “the same fact can often 
be discussed from the traditional point of 
view of algebra as a form of manipulative 
skill, or from the modern point of view of 
algebra as a study of mathematical struc- 
ture.” It pointed out that new subject 
matter had developed from the axiomatic 


point of view, described what some of the 
new subject matter was, and made the 
following statements concerning the teach- 
ing of secondary school mathematics: 


We are asking that teachers familiarize them- 
selves with certain basic concepts—new in form 
but familiar in part in substance—and cre- 
atively utilize these simplifying and unifying 
concepts in their teaching once again to make 
the study and learning of mathematics a stimu- 
lating, interesting, and vitalized intellectual ad- 
venture. 


I am confident that Professor Kline does 
not mean to attack that kind of teaching. 

There are essentially two aspects of Pro- 
fessor Kline’s paper that I find objection- 
able: first, the vague generalizations, en- 
tirely undocumented, concerning the views 
held by the “‘modernists,”’ and second, the 
inferences drawn from what has not been 
said by the “modernists.’’ No one could 
object, though. he might disagree, if Pro- 
fessor Kline quoted specific statements 
made by those whose views he is attack- 
ing, gave their source, and explained why 
he thought they were erroneous. But he 
does not do this. He neither documents 
his generalizations nor does he even de- 
fine his terms. Moreover, he draws infer- 
ences from the fact that certain state- 
ments have not been made. This is inde- 
fensible. 

I shall now list some of Professor Kline’s 
undocumented generalizations and com- 
ment upon them: 

(1) “The argument most often offered 
by the modernists is that the mathematics 
we have been teaching is outmoded be- 
cause it is several hundred years old.”’ I 
submit that this statement is not docu- 
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mented because it cannot be documented ; 
nobody would be foolish enough to make 
such a statement. 

I have myself often stated that the 
mathematics we teach is seventeenth- 
century mathematics. But this statement 
has never, to the best of my knowledge 
and belief, been coupled with the state- 
ment that therefore it is outmoded. Parts 
of what we teach certainly are outmoded, 
not because they are old but because they 
antiquated. Professor Kline is quite cor- 
rect in saying that in mathematics, knowl- 
edge does not become useless because it is 
old. Nevertheless, it can become anti- 
quated in the sense that it is no longer the 
most appropriate material for inclusion in 
a secondary school curriculum. 


Professor Kline says: “If the argument 
that what is old is definitely bad is a sound 
one, then certainly all of the old mathe- 
matics should be thrown out.” Agreed. 
Since, however, it is obvious that all of the 
old mathematics should not be thrown out, 
it follows that the hypothesis that what is 
old is definitely bad is false. 

Professor Kline ends his discussion on 
this point by asking that the ‘“‘modernists”’ 
stop emphasizing the word “modern.” He 
thinks this word has a propaganda aspect 
that he regards as bad. For myself, I would 
be perfectly willing to eschew the word. 
I suspect, however, that Professor Kline 
would not like our ideas any better if we 
described them by some phrase other than 
“modern mathematics.” 


(2) “The modernists would replace ma- 
terial currently taught by such topics as 
symbolic logic, Boolean algebra, set the- 
ory, some topics of abstract algebra such 
as groups and fields, topology, postula- 
tional systems, and statistics.” 


Professor Kline does not like the word 
“modern” because it is “propaganda’’; I 
do not like his word “replace” because it 
is not quantified. How much material cur- 
rently taught is to be replaced by the 
topics listed? All? A great deal? A little? 
It makes a great difference. This gen- 


eralization is so broad as to be almost 
meaningless. 

The fact is that it is proposed by the 
Commission on Mathematics to include in 
the secondary school program, in place of 
some small part of material currently 
taught, some small part of set theory and 
abstract algebra. I know of no proposal to 
include symbolic logic, Boolean algebra, 
or topology. It is proposed to include sta- 
tistics, but since Professor Kline agrees 
that this is unobjectionable, I shall not 
discuss this proposal. 

It may be that someone somewhere 
wants to do some of these things that the 
Commission does not propose. That is pre- 
cisely the point; statements should be 
documented. 


(3) The next generalization has to do 
with the importance in the body of mathe- 
matics of such topics as symbolic logic, 
topology, Boolean algebra, and abstract 
algebra. Professor Kline thinks none of 
these is of any real significance. He is en- 
titled to his opinion. My contention is that 
his opinion is irrelevant. Since it is not 
proposed to teach these topics as central 
in the development of mathematics, it is 
irrelevant whether Professor Kline thinks 
they are central or whether he thinks they 
are not. Actually, I think that he has less 
interest in some rather fascinating parts 
of mathematics than he ought to have. I 
probably have less interest in some parts 
of mathematics that he thinks exciting 
than he would think I ought to have. The 
fact is that no human being can possibly 
learn all mathematics, however much all 
of us would like to do so, and therefore a 
selection has to be made. But it is surely a 
rash generalization for any one of us to say 
that the mathematics in which we happen 
to be interested is more important than 
the mathematics in which someone else 
happens to be interested. 

I would like to make one other remark 
on this point. Our opinion of the im- 
portance or difficulty of any branch of 
mathematics is likely to be related to the 
order and the time in which we ourselves 


Ancients versus moderns—a reply 429 


| 


learned it. Generally speaking, subjects 
learned in the graduate school or from our 
own reading are apt to seem more remote 
to us than the subjects we were taught in 
secondary school or college. But if one 
learned in school or college the subjects we 
learned later and vice versa (assuming the 
possibility of doing this, to some extent), 
then it is altogether likely that the rela- 
tive difficulty and importance of the top- 
ics would also seem quite different to such 
an unconventional learner. All of us need 
to beware of this pitfall. 

While I am most certainly not advocat- 
ing teaching topology and symbolic logie 
in junior high school, I do say that if this 
were done, the student who had been so 
taught would almost certainly have a dif- 
ferent psychological attitude toward these 
subjects than do Professor Kline and I. 

Finally, Professor Kline by his own ad- 
mission is not a specialist in symbolic 
logic, topology, Boolean algebra, or ab- 
stract algebra; why not let someone who 
is a specialist speak concerning the im- 
portance of these subjects? 


(4) The next vague generalization is 
that these modern topics are practically 
useless in their applications. I am glad that 
Professor Kline said, ‘‘My evaluation here 
is that they are practically useless.’’ Many 
others would completely disagree with 
him. 

(5) The next vague generalization made 
by Professor Kline is that the abstract 
approach to traditional mathematics is 
relatively inefficient. He argues that be- 
cause a person understood the concept of 
a field he would not know how to add two 
and two. He states further, “A person with 
an excellent knowledge of fields could not 
even make change in a grocery store.” 
Well, who ever said that he could? The 
purpose of teaching the concept of a field 
is not to enable a person to make change 
in a grocery store. Here we have two 
laudable objectives, although Professor 
Kline apparently thinks only one of them 
is laudable. The first objective is to teach 


arithmetic. We believe in this. The second 
objective is to teach the structure of alge- 
bra. We believe in this, too, even though 
Professor Kline doesn’t. 


(6) The next vague generalization is 
summed up in the question: “How can we 
expect students to learn the abstract be- 
fore the concrete?” The answer is we can’t 
and we don’t. On this point I completely 
agree with Professor Kline: it is essential 
to teach intuitive, concrete notions before 
abstractions can be taught. 

Moreover, on June 8, 1957, Professor 

Carl B. Allendoerfer, a member of the 
Commission on Mathematics, addressed a 
letter to Professor Kline that included the 
following statements: 
Abstract concepts. No one in his right mind would 
teach these before the concrete material. Cer- 
tainly abstraction is hard, but it is still neces- 
sary. I favor introducing it earlier than is done 
at present, but not before the students are ready 
for it. Many of the laws of algebra (the axioms 
of a field) are easier to understand and much 
more useful than the arbitrary “rules’’ which 
now appear in elementary algebra books. There 
is no reason why they should not be taught and 
used—but only after the proper intuitive foun- 
dation has heen laid. . . . 


Finally, let it never be said that anyone on the 
CEEB Commission favors teaching mathe- 
matics in reverse by doing abstractions first and 
then‘ coming to the concrete illustrations. We do, 
however, favor the gradual introduction of the 
abstract at a rate considerably faster than is 
done at present. We are sure that this is both 
possible and desirable. 


Despite this statement by a member of 
the Commission, Professor Kline still in- 
sists that the ‘moderrists’’ advocate 
teaching “the abstract before the con- 
crete.” 

(7) “The second major change in view- 
point which the modernists advocate is 
more rigor.” 

This generalization is not documented 
because it cannot be documented. No such 
position has been advocated. 

On this point also Professor Allendoerfer 
stated the position of the Commission in 
his letter to Professor Kline almost a year 
before Professor Kline delivered the ad- 
dress on which I am commenting. He said: 
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Rigor. Of course the level of rigor must suit the 
age and maturity of the student. But this does 
not mean to dispense with it entirely. I think 
that you have missed the point on the teaching 
of logic. Actually it is not lost on young people. 
My experience has been that they lap it up. The 
sole object of teaching it is to help the students 
understand the structure of the deductive 
process—not to make logicians out of them. Too 
many students have been through geometry and 
only memorized the theorems. I favor a brief 
session on logic to let the students see what they 
are trying to do. The logic, however, should be 
brief and should not interfere with the mathe- 
maties as such. 


It would take far more space than I have 
a right to expect to discuss Section VII of 
Professor Kline’s paper in detail. I will 
therefore merely make two remarks: first, 
much of what he says, properly under- 
stood, is of course correct; second, it does 
not give, in my opinion, a true picture of 
the relative importance of intuition and 
rigor in mathematics. But this is a matter 
of opinion, and a discussion of it would not 
be germane to this debate. 


(8) “The modernist program .. . ig- 
nores completely the primary reason for 
the existence of mathematics and the chief 
motivation for the study of mathematics, 
namely, the investigation of nature.” The 
“primary reason for the existence of 
mathematics” is a matter of opinion 
(though I think Professor Kline is prob- 
ably right about it), but surely the “chief 
motivation” for the study of mathematics 
may differ for different individuals and 
be differently considered by different 
philosophers. 

Moreover, the primary reason for the 
existence of mathematics may not be 
either the primary reason for the inclusion 
of the subject in the school curriculum or 
the primary criterion for the selection of 
curricular content. And it is certainly an 
unwarranted assumption that the chief 
motivation for the study of mathematics 
is identical for all individuals. I am sure 
that the desire to investigate nature is the 
chiet motivation for some students; I am 
equally sure it is not the chief motivation 
for all. This certainly was not what led me 
to major in mathematics, for example. 


(Y) Finally, there is a vague generaliza- 
tion to the effect that the proposed pro- 
gram “fails to present the life and spirit of 
mathematics.” Then follows one of the 
really good paragraphs in Professor Kline’s 
paper. 

All I can say is that of course we desire 
to have mathematics so taught. The 
quotation from my own article in THE 
MATHEMATICS TEACHER of last October 
given at the beginning of this article is 
sufficient comment on this unjustified 
generalization. 

Let us turn now to Professor Kline’s 
“arguments from silence”’: 

(1) “The modernists also give the im- 
pression that the topics they recommend 
are the main ones now claiming the atten- 
tion of mathematicians.” 

Why should anyone think that topics 
recommended for inclusion in the second- 
ary school curriculum are the main topics 
claiming the attention of mathematicians? 
I submit that, on the contrary, one would 
be justified in forming the impression that 
topics recommended for inclusion in the 
secondary school course would most likely 
not be topics of principal interest to re- 
search mathematicians. It is not likely 
that school boys and research mathe- 
maticians would have the same principal 
interests, nor that topics most suitable for 
instruction would be also those most suit- 
able for research. 

But the truth of the matter is that it 
may well be considered irrelevant, in a 
discussion of the secondary school cur- 
riculum, to comment on the activities of 
research mathematicians. Because irrele- 
vant remarks are not made, it does not 
follow that they were not made because 
they were considered unimportant. 


(2) “It seems curious to me that when 
the modernists talk about applications, 
they make no mention of the application 
of mathematics to mechanics, sound, light, 
radio, electricity, atomic and nuclear 


theory, hydrodynamics, aerodynamics, 
geophysics, magnetohydrodynamics, elas- 
ticity, plasticity, chemistry, chemical 
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physics, physical biology, and the various 
branches of engineering.” 

There is nothing curious about this 
situation. If one is discussing the applica- 
tions of “modern” mathematics, it is not 
to be expected that he will talk about the 
applications of classical mathematics. It is 
unfair to chide him because he does not 
discuss a topic different from the one he 
set out to discuss. 

But there is a still better explanation: 
rightly or wrongly, it is assumed to be 
common knowledge that classical mathe- 
matics has important applications to sci- 
ence and engineering. 

Moreover, it is false to say that these 
applications are never mentioned. I quote 
from an article in the College Board Re- 
view, Winter 1958, an official publication 
of the agency that appointed the Com- 
mission on Mathematics: 

In order to formulate a curriculum oriented 
to the needs of the second half of the twentieth 
century, the Commission had to ask what these 
needs were. It takes no narrow view here; it is 
interested in the needs of mathematics itself, of 
course, but it is also interested in the needs of 
the users of mathematics, and in the applications 
of mathematics. .. . 

Thus, when the Commission speaks of the 
“needs’”’ of the second half of the twentieth 
century, it means the needs of mathematics, of 
physical science, of social science, of technology, 
of engineering, of business, of industry [italics 
added]. 

I must now comment very briefly on 
that section of Professor Kline’s paper en- 
titled “The New Position of the Commis- 
sion on Mathematics.” First, I want to 
introduce a demurrer to the use of the 
word “new.” The Commission on Mathe- 
matics does not have an old position or a 
new position. The position of the Commis- 
sion on Mathematics has not changed. 
Professor Kline’s understanding of it has 
changed, principally because he started 
talking about the point of view of the 
Commission without finding out what it 
was. 

However, Professor Kline’s statement of 
what he calls the new position of the Com- 
mission on Mathematics is just as dis- 
torted as his presentation of what he 


would have called the old position of the 
Commission on Mathematics. He says, 
“It appears that the first year of high 
school algebra will hardly be changed. 
The word ‘set’ is to be introduced, but 
that is all.”” This is not an accurate state- 
ment. I do, however, agree with Professor 
Kline that the word “set” is not a magic 
formula which will suddenly illuminate 
mathematics or make it attractive. 

Again, to describe the “major change” 
of the geometry program as “‘to cut down 
on Euclidean geometry and to substitute 
co-ordinate geometry for the discarded 
material” is also a distortion. Professor 
Kline says this change is not significant; 
I disagree. However, that is not what the 
change is. The change is an attempt to 
teach the true nature of deductive reason- 
ing, and also to teach a great deal more 
geometry more creatively than is now tra- 
ditionally accomplished, as well as to 
make use of the fact that in the twentieth 
century geometry can be taught in a less 
cumbersome manner than in the time of 
the Greeks, principally because we have 
developed an adequate algebra. 

Apparently Professor Kline does not 
like algebra because it is ‘the bane of 
students.” I doubt that it is, but in any 
event this does not seem to be an adequate 
reason for not introducing algebraic or co- 
ordinate geometry into the high school 
program. 

It is utterly amazing to me how Pro- 
fessor Kline can so freely criticize some- 
thing of which he does not have full 
knowledge. He makes a few generalized, 
partly accurate, partly inaccurate state- 
ments concerning the “new position” 
of the Commission on Mathematics, and 
then criticizes it on the grounds that “if 
it backs away from modern mathematics 
it only backs into a minor reshuffling of 
the traditional curriculum.” 

Those of the readers of THe Matup- 
MATICS TEACHER who have had the oppor- 
tunity of seeing the Third Draft of the 
Report of the Commission on Mathe- 
matics know that the recommendations 
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of the Commission on Mathematics are 
far from being a minor reshuffling of the 
traditional curriculum. To be sure, we do 
“back away” from modern mathematics 
in the sense that we do not “replace” the 
traditional material by “symbolic logic, 
Boolean algebra, topology, etc.,”’ which is 
what Professor Kline thought we were 
going to do. The truth is, however, that 
we never had any intention of doing what 
he thought we were going to do; neither 
are we going to propose what he now 
thinks we are. My advice is that Professor 
Kline wait until he reads the Report of the 
Commission before he criticizes the Com- 
mission’s position. 

In conclusion, I will comment on Pro- 
fessor Kline’s ‘‘Principles of a New Ap- 
proach to the Curriculum.” Unfortunately 
these principles are also vague generaliza- 
tions: we must teach mathematics by 
seeking to arouse interest in the subject; 
we must supply motivation and purpose 
to the mathematics we teach; we must be 
sure that the intuitive meaning of each 
mathematical idea or procedure is made 
intuitively clear to the students; knowl- 
edge is a whole and mathematics is a part 
of that whole. 

Well, of course I agree with all of these 
generalizations. But I must say that I do 
not agree with the presuppositions under- 
lying these platitudes. 

First, Professor Kline assumes that “‘it 
is intrinsically more difficult to arouse in- 
terest in mathematics than in history or 
literature.” I just don’t believe it. I 
taught mathematics for twenty-two years 
before becoming a full-time adminis- 
trative officer; my experience is that this 
assumption is not true. Certainly it is 
correct to say that mathematics of any 
kind is abstract, and the role that it plays 
in human thought is not a priori clear. 
But it is not correct to say that “every 
student knows what history is about, why 
he is expected to study history, and what 
he might gain from it.” 

Second, with respect to motivation and 
purpose, Professor Kline believes that 


such motivation is to be found in the solu- 
tion of simple, genuine, and basic physical 
problems, and he will also admit problems 
from the social sciences, art, and music. 
It is not clear whether this is the only 
possible motivation, or the best possible 
motivation. I do not agree with either as- 
sumption, however. 

Finally, Professor Kline ends on the 
same note of vague generalization with 
which he started. He says that he has a 
conception of the first two years of high 
school mathematics that would entail a 
radical revision of the present curriculum, 
but he does not tell us what it is. I submit 
that if he has such a revision, he is under 
an intellectual obligation to reveal it. 

Having finished Professor Kline’s paper 
and these comments upon it, I am left 
with one unanswered question. I am won- 
dering whether in point of fact, Professor 
Kline really likes mathematics. I do not 
deny that he is a mathematician, and one 
of considerable competence. I do not deny 
that he is a teacher of mathematics, and 
from the views he expresses concerning 
mathematical pedagogy, I am inclined to 
believe that he is a good teacher of mathe- 
matics. But I think that he is at heart a 
physicist, or perhaps a “natural philos- 
opher,” not a mathematician, and that 
the reason he does not like the proposals 
for orienting the secondary school college 
preparatory mathematics curriculum to 
the diverse needs of the twentieth century 
by making use of some of the concepts 
developed in mathematics during the last 
hundred years or so is not that this is bad 
mathematics, but that it minimizes the 
importance of physics. 

The assumption can, of course, be 
wrong. But it is an assumption that ex- 
plains Professor Kline’s apparent antip- 
athy to all parts of mathematics not di- 
rectly related to physical applications, 
his desire to teach mathematics by means 
of physical problems, his feeling that 
mathematics is intrinsically less interest- 
ing than other subjects, and his evident 
distaste for abstraction and rigor. 
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The national high school 
mathematics contest 


WILLIAM H. FAGERSTROM, Pan-American College, Edinburg, Texas, and 
DANIEL B. LLOYD, District of Columbia Teachers College, 


Washington, D.C. 


Mathematics contests have proved to be popular. 
This growth raises questions concerning whether these tests 
should emphasize aptitude or achievement. 


THe MatTHeMATICAL ASSOCIATION of 
America, in co-operation with the Society 
of Actuaries, staged the first nationwide 
mathematics contest for high school 
students this last spring. On March 27, 
an eighty-minute objective test, consisting 
of fifty questions, was administered to 
eighty thousand students in over 2,600 
high schools from Maine to California 
and from Ontario to Texas. It marked an 
important forward step in the mathe- 
matics contest movement in this country. 

Two years ago a study of contests re- 
vealed the existence of nearly sixty active 
mathematics contests operating in the 
country’s high schools.! These were serv- 
ing over four thousand schools, distributed 
over some thirty states. They differed con- 
siderably in pattern, purpose, and type of 
sponsorship, but in every case were de- 
signed to promote interest and achieve- 
ment in mathematics. The study showed 
that local conditions differed considerably 
between the separate communities served 
by these contests, and that any attempt 
to standardize a contest pattern on a 
nationwide basis would be fraught with 
serious difficulties, if not to say insur- 
mountable obstacles. In fact, a list of ten 


! Daniel B. Lloyd, “The National Status of Mathe- 
matics Contests,” THe Matuematics TEracHer, 
XLIX (October 1956), 458—463. 


arguments was presented against the case 
for a nationwide contest program. 
The same study, however, 
that there was a receptive attitude toward 
contests in general; that in over a fourth 
of the states no program existed at all; 
that there was a need for further develop- 
ment of contests, particularly in this vir- 
gin territory; and that a nationally or- 
ganized program could possibly serve a 
need, if designed cautiously, and with 
deference to already existing programs. 
The implications and results of this 
study were weighed thoughtfully at the 
1956 Seattle meeting of the Mathematical 
Association. As a result of this analysis, 
and upon the favorable report and recom- 
mendations of their Committee on High 
School Contests, the Association voted to 
sponsor a nationwide contest in 1958. 
The past experience of the Association 
in the field of high school contests had 
centered principally in the program oper- 
ated annually by the Metropolitan New 
York Section-since 1950. The New York 
Committee,? headed by Professor William 
H. Fagerstrom and Charles T. Salkind of 
New York, had operated its own local 


revealed 


The 1956 members of this committee were: 
Brother Bernard Alfred, William Allan, William H. 
Fagerstrom, Howard F. Fehr, K. G. Fuller, Kenneth 
B. Morgan, Barnett Rich, Myron F. Rosskopf, 
Charles T. Salkind, Ramon Steinen, and Ellsworth E. 
Strock. 
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contest there, from the first in 1950 to its 
eighth in 1957, and had also provided the 
examination questions for similar contests 
in five other states and one province of 
Canada. In all, it had reached a maximum 
of forty thousand students by 1957. Also 
the Maryland-District of Columbia-Vir- 
ginia section had successfully conducted 
a similar contest annually in their three 
states since 1954.* 

The plans for the first nationwide con- 
test were started in the summer of 1957 
by a Committee on High School Contests 
appointed by MAA President G. Baley 
Price of the University of Kansas. He ap- 
pointed the following members: H. L. 
Alder, University of California, Davis, 
California; William Allan, Actuary, Home 
Life Insurance Co., New York, New York; 
A. J. Coleman, University of Toronto, 
Ontario, Canada; William H. Fager- 
strom,* Pan American College, Edinburg, 
Texas; Mildred Keiffer*, Board of Educa- 
tion, Cincinnati, Ohio; Daniel B. Lloyd,* 
D. C. Teachers College, Washington, 
D. C.; D. C. Murdoch, University of 
British Columbia, Vancouver, Canada; 
Charles T. Salkind,* Polytechnic Institute 
of Brooklyn, New York; L. F. Scholl,* 
Board of Education, Buffalo, New York; 
Sister Mary Felice,* Mt. Mary College, 
Milwaukee, Wisconsin; C. F. Stephens, 
Morgan State College, Baltimore, Mary- 
land; E. E. Strock, Actuary, Prudential 
Life Insurance Company, Newark, New 
Jersey; Arnold Wendt, Western Illinois 
University, Macomb, Illinois. 

Among this committee of thirteen, it 
will be noted that two members are from 
the Society of Actuaries; and six are 
members of both NCTM and MAA. The 
Society of Actuaries is underwriting the 
initial expense of the contest, although 
the program is expected to be self-sup- 
porting as soon as it is well established. 

The following principles were laid down 

5’ Daniel B. Lloyd, ‘‘A New Mathematical Associ- 
ation Contest,” THe TEACHER, 
XLVIII (November 1955), 469-472. 


* Also members of The National Council of Teach- 
ers of Mathematics. 


for the contest program for the Associa- 
tion’s twenty-seven regional sections: 


1. Each Section is to decide whether it 
will sponsor the national contest within 
its territory—either independently or 
jointly with other organizations. 

. If the Section votes to sponsor the con- 
test, a local Standing Committee on 
High School Contests should be ap- 
pointed by the Chairman of the Sec- 
tion. This Committee together with the 
Committees of other sponsoring organi- 
zations, if any, form the “Sectional 
Contest Committee.” 

3. If a Section votes against the sponsor- 
ing of a national contest, it may initi- 
ate or continue a local contest in 
mathematics for high school students 
(either independently or with other 
organizations), and the national contest 
should not be conducted within the 
territory of the Section. The same prin- 
ciple should be followed in cases where 
a Section decides not to sponsor the 
national contest because other organi- 
zations are conducting a local contest 
in that area. 

4. Under any other circumstances, the 
National Committee may set up its 
own procedure for taking care of the 
requests of individual schools of that 
area, with the proviso that it shall not 
compete or interfere with existing local 
contests conducted by the MAA or 
other organizations therein. 


Before the start of the 1958 contest, 
thirteen Sections had voted to enter it, 
eight Sections were studying it further, 
three wished to continue the contest pro- 
grams they already had for another year, 
and three had taken no action. Thus, the 
reaction nationally seemed quite favor- 
able. At any rate, the National Contest 
Committee found themselves very busy. 

As actually carried out, the contest was 
conducted in nineteen separate areas— 
some of the MAA Sections being subdi- 
vided geographically for contest purposes 
by their own contest committees. For in- 
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stance, the Pacific Northwest Section is 
divided into four units, Idaho, Oregon, 
Washington, and British Columbia; and 
the upper New York Section is divided 
into a Buffalo region and an Albany re- 
gion. 

Professor Fagerstrom, Chairman of the 
Committee, had retired from his teaching 
position in New York and accepted a posi- 
tion as Professor of Mathematics at the 
Pan American College in Edinburg, Texas. 
There he set up the contest headquarters 
and directed the work. One subcommittee 
on test construction designed the examina- 
tion. Another subcommittee on publicity 
distributed brochures to the schools. The 
mammoth task of organizing and conduct- 
ing the first nationwide contest was thus 
completed on schedule. 

The tests are given at, and by, the 
schools themselves, on the morning of the 
scheduled day. The results are scored by 
the school and the three highest papers are 
sent to the Contest Committee. The total 
of these three scores constitutes the school 
score, or the team score. 

Some of the 1958 test questions are 
on page 439. The test is designed like most 
standard tests with multiple-choice re- 
sponses to facilitate scoring. The questions 
cover high school algebra and geomeiry— 
but not trigonometry or advanced algebra, 
as such. To discriminate between the keen- 
est students, the test is considerably 
longer than the average student has time 
to complete. It becomes a power and 
speed test for the majority. This should 
be understood by the schools and not 
cause discouragement. The teachers ad- 
ministering the tests should carefully ex- 
plain to the competing students that they 
are not expected to complete the test, 
but merely to answer as many questions 
as time permits. 

The test score is computed as follows: 
S=R—3}3W. In this formula, R represents 
the number of points allowed on the prob- 
lems correctly answered; W represents 
the total points for the problems incor- 
rectly answered. This formula, statisti- 


cally speaking, largely eliminates any ad- 
vantage in guessing answers. The answer 
sheet is detachable from the test booklet. 
This is submitted by the competing stu- 
dent; the test booklet may be retained by 
the student for review purposes for the fol- 
lowing year. 

Students in any grade of high school 
may compete. Although an advantage is 
enjoyed by those with more mathematical 
training, winners occasionally emerge from 
the lower semester students. This is be- 
cause the tests are designed to measure 
innate ability as well as training. Also, 
the wide variety of questions helps to 
equalize the opportunity for schools with 
different curricula. 

The number of tests ordered by each 
school varies considerably. This indicates 
a great diversity of philosophy among the 
schools as to the use of the tests. In some 
schools there is apparently a thorough 
elimination and selection on the local level, 
only the very superior students being 
allowed to compete. In others, the test is 
widely administered, and possibly used 
for pupil evaluation or other purposes, 
as well as for the contest. In any event, 
the incentive of achievement prevails, 
and the basic purpose of the contest is 
attained. 

Each school in the National Contest 
pays a $4 registration fee, which covers 
the cost of the award to the school winner 
and entitles the school to twenty exam- 
ination booklets. Additional copies, if 
desired, may be bought at ten cents each. 
The school designates it own winner and 
returns the three highest papers to the 
National Committee. The winner is 
awarded a pin with a safety catch (or a 
lapel button, if preferred) bearing a fac- 
simile of the seal of the Mathematical 
Association of America. In case two stu- 
dents are tied for winner, each may re- 
ceive the same award, if the school wishes 
to pay $1.75 for the extra award. 

For the purpose of awards, the United 
States and Canada were divided into 
nine regions, as follows: 
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REGION 
I New England States and Canadian 
Maritime Provinces 
II Upper New York State and Eastern 
Canada 
Ill Metropolitan New York and New 
Jersey 
IV Middle Atlantic States 
V The South 
VI Middle West States and Central 
Canada 
VII Mountain and Southwestern States 
VIII Northwestern States and Provinces 
1X Pacific Coast 


A certificate of merit is awarded to the 
schools in each region scoring in the high- 
est ten per cent of team totals. In addition 
to this, a bronze cup is awarded to the 
highest-ranking school in each region. The 
Chemical Rubber Company donated one 
hundred copies of mathematical tables, 
which were awarded equitably to the 
highest students in each region. 

Caution is exercised not to embarrass 
smaller schools or those less capable in 
competition with larger ones. For instance, 
no over-all lists of scores are published, 
and no national awards ;: “e made. In fact, 
every school has a winner, and receives at 
least one award. 

Some of the general results of the 1958 
contest were as follows (maximum pos- 
sible individual score is 150): 


Highest individual score........ 
Lowest individual score 

Highest team score (3 members) . 
Lowest team score 


146 .25* 
2.00 
371.75 
2.00 


The distribution nationwide (only the 
three highest in each school are submitted) 
showed these medians and quartiles: 

Q; Md 


Individual scores 42 31 24 
Team scores 106 - 79 60 


Only 77 students made a score of 90 
or above, which placed them on the 
Honor Roll. 

Considerable flexibility characterizes 
the administration of the contest program 
in the various sections of the association. 
Some sections prefer to handle their own 


‘This highest score was made by a student in 
Illinois. 


program, making use only of the national 
committee’s examination booklets. In this 
case, the section purchases the booklets 
at $60 per thousand, with no other obliga- 
tions except to administer the examina- 
tion professionally and on the same sched- 
uled date as the national contest. They 
may vary the financial charges to suit 
their own needs. The local section collects 
the winning papers and makes its own 
awards. The awards in the form of pins or 
buttons, each bearing a facsimile of the 
seal of the Mathematical Association of 
America, may be purchased from the L. G. 
Balfour Company, Jewelers.’ Some of the 
sections have built up an extensive system 
of local awards, financed by local inter- 
ested parties such as business houses, 
corporations, banks, or other organiza- 
tions, as well as scholarships in certain 
colleges and universities. 

The National Council of Teachers of 
Mathematics seriously considered assum- 
ing the responsibility of launching a na- 
tional mathematics contest itself. In 1950, 
its Board of Directors officially approved 
“..@ national mathematics contest for 
high school seniors, to be conducted with 
the co-operation of the MAA.” The pur- 
pose set forth was “. . . the improvement 
of instruction in mathematics, encourage- 
ment of students of real promise to con- 
tinue the study of mathematics at the 
college level, and emphasis on the im- 
portance of mathematics in modern scien- 
tific and industrial life.’’”® No further action 
was taken on this plan, although it was 
never actually rescinded. 

The study on contests made in 1956 
recommended the policy and program 
which has since been adopted by both the 
NCTM and MAA.’ It pointed to the ad- 
vantages of the MAA’s assuming an inde- 
pendent responsibility for such a contest, 
citing the following reasons: 


+L. G. Balfour Co., Attention: Mr. Schmeelk, 
521 Fifth Ave., New York 17, N. Y. 

* NCTM Board Minutes, April 12, 1950, Chicago, 
Mllinois. 

7 See Footnote 1. 
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(1) The MAA membership is more detached 
from the competing schools and therefore 
can handle the contest more impartially. 

(2) Joint, or divided, administration would 
be more cumbersome and less efficient. 
Persons with valuable contest experience, 
who might be most helpful, are members 
of both organizations and already are 
active in contest work. 

The study further predicted, “It seems 
possible that such a project may get 
started in a couple of years. It could well 
emerge as an outgrowth of the present 
sectional contests, particularly the Metro- 
politan New York one, now the largest in 
the country. It could have great potential 
in attracting support from wealthy foun- 
dations or corporations.” 

The predicted support has been made a 
reality through the generosity of the So- 
ciety of Actuaries. It is likely that more 
support will be forthcoming. With the 
heightened emphasis on mathematics and 
science, federal as well as private sources 
have been considering numerous ways to 
stimulate the interest of young people in 
these fields. A recent bill introduced in the 
lower house of Congress suggested a pay- 
ment of $500 to every high school student 
passing a standard examination in mathe- 
matics. Though not yet enacted into law, 
it received some strong support and clearly 
reflects the thinking of the times. 

The National Mathematics Contest 
program is designed to enhance interest 
and improve achievement in high school 
mathematics. In the awards, the philos- 
ophy has been to provide prestige and 
satisfaction to worthy students, encourag- 
ing all competitors as much as possible, 
but avoiding large monetary awards. 

When this year’s results are studied and 
the opinions of the participating schools 
are analyzed, certain improvements can 
be made for next year’s test. Some schools 
have stated that the test is too long for the 
time allowed; others say it is too difficult. 
Thus, many competitors may be dis- 
couraged. The answer that the committee 
gives to this is that a few of the competi- 
tors scored near the maximum, so that an 
easier test would not separate them. 


These are matters that the committee 
must weigh carefully in designing next 
year’s test. Large numbers of students 
should not be unduly thwarted for the sake 
of a few. 

The experience gained in the 1958 con- 
test has prompted the Commuttee to make 
some slight changes in the 1959 edition: 
(1) the examination itself will be a bit 
easier and shorter to encourage more 
schools to enter; (2) awards will be made 
to the schools earlier in the semester; (3) 
the contest will be given in two stages, for 
the sake of some sections desiring both. 
The first stage, on March 5, will be similar 
to the contest in 1958. The second stage 
(the finals) for the upper 5 or 10 per cent 
of the winners will be given at testing 
centers in specified colleges under moni- 
tored conditions on April 15. The second 
stage of the contest will serve as the basis 
for certain final awards and scholarships. 
It will be run entirely by the local sec- 
tions desiring it—not by the National 
Contest Committee. This double-stage 
contest pattern was proposed by Prof. R. C. 
Buck, of the University of Wisconsin. 

Ultimately there must evolve an im- 
proved contest program that will best 
serve the national and local interests. 
Like the satellite program, it cannot be 
expected to emerge perfectly in its first 
Jaunching effort. It is a thing new and big 
and must be gradually improved experi- 
mentally. Constructive criticism from all 
sides should be both expected and re- 
spected. Now adequately financed and in 
professionally competent hands, a na- 
tional program in some form is here to 
stay, at least for some years to come. 

The NCTM has endorsed the program 
both officially and unofficially. Upon the 
inauguration of the program, Dr. Howard 
Fehr, then president of NCTM, said, 
“Members of the Council are urged to take 
the necessary steps to secure participa- 
tion of their schools in this contest.’’ Our 
current president, Professor Harold P. 
Fawcett, Ohio State University, has also 
endorsed it in similar terms. 
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Further information on the 1959 con- 
test can be obtained from Professor W. H. 
Fagerstrom, at the Pan-American College, 
Edinburg, Texas. 

Below are sample questions from the 
1958 examination :* 

4. In the expression 


each x is replaced by 

The resulting expression, evaluated for 
*A package containing the 1958 examination, 
together with a solution booklet, may be obtained for 
25¢ from the Mathematics Contest Committee, Poly- 
technic Institute of Brooklyn, Brooklyn 1, N. Y. 
Sample copies of old contest examinations from 1953 


to date are available in limited numbers at 25¢ for the 
first three copies and 6¢ for each additional copy. 


What's new? 


x=}, equals: (A) 3 (B)-—3 (C) 1 
(D)—1 (E) none of these 
13. The sum of two numbers is 10; their 
product is 20. The sum of their re- 
ciprocals is: 
(A) 1/10 
(E) 4 
. The area of a circle is doubled when 
its radius r is increased by n. Then r 


equals: 


(A) n(V/2+1) 


(B) 2 (C) 1 (D) 2 


(B) n(/2—1) 
nr 
V2+1 


. AB is the hypotenuse of a right tri- 
angle ABC. Median AD=7 and me- 
dian BE =4. The length of AB is: 


(A)710 (B)T5V35(C) 5V2 


(C) n (D) n(2—V2) (E) 


(D)¥2V/13 F(E) 2V15 
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Polynomial expansions and 
a polynomial distribution theorem 


LLOYD SEDGWICK and KAREN MCQUISTON, Eastern High School, 


Greentown, Indiana. 


Here is an interesting use of the binomial theorem and 
its application to certain problems in probability. 


AN INTERESTING ADAPTATION of the bi- 
nomial theorem to a trinomial expansion 
consists of a series of binominal expansions 
such as: 


(a+b+c)" 
+c" 


Expanding the binomial factors of each 
term gives us: 


+b" 
-- + +nb'e 


+c" 


It will be noticed that not only is each 
series a binomial expansion with the ex- 
ponent of a in the first term in each series 
one less than in the preceding series, but 
the first terms themselves form a bi- 
nomial expansion containing n+1 terms, 
with a and c as the factors. Since each row 
contains one fewer term than the preced- 
ing row, starting with n+1 terms in the 
first set and diminishing to one term in the 
final series, then we see that the total num- 
ber of terms in a trinomial to the nth pow- 
er is }(n+1)(n+2). 

Similarly, (a+b+c+d)* can be shown 
to be a series of n+1 trinomial expansions, 
such as: 


--- +b" 
- - - +nb""'c 


+--+ +n(n—1)b**ed 

+- 

+. 

+d” 


Perhaps a better way to represent this 
expansion would be a triangular pyramid, 
with each level a trinomial expansion, 
decreasing to the one term in the vertex 
(d"). Again it will be noticed that the first 
terms of each trinomial expansion them- 
selves form a binomial expansion of n+1 
terms with a and d as the factors. Thus a 
4-nomial to the nth power would contain 
n+1 trinomial expansions. If the top level 
of the pyramid is the expansion of 
(a+b+c)", then all the other levels com- 
bined would have the same number of 
terms as (a+b+c+d)*"', and it can be 
seen that the number of terms in the ex- 
pansion of a 4-nomial to the nth power is 
the sum of the number of terms in the ex- 
pansion of a 4-nomial to the (n—1) power 
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and the number of terms in a trinomial 
expanded to the nth power. 

It would take a 4-dimensional pyramid, 
a figure we’ve been calling a “tetrad,” to 
represent a 5-nomial expansion, a ‘‘pen- 
tad’”’ to represent a 6-nomial expansion, 
and the series would continue in this way. 

The number of terms in a 4-nomial"ex- 
panded to the nth power is 

(n+1)(n+2)(n+3) 
2-3 

By the associative law, any polynomial of 
m terms could be expanded in the same 
manner. But rephrasing the binomial 
theorem to state that the coefficient of 
any term may be derived by multiplying 
the coefficient of the preceding term (or 
the first term of the preceding series) by 
the exponent of a in that preceding term, 
and dividing by one more than the expo- 
nent of the factor which is increasing in 
that series, might make the polynomial 
theorem easier to apply. 

Since a polynomial of m terms expanded 
to the nth power would be a series of ex- 
pansions of a polynomial of m—1 terms 
with the total number of terms in the m- 
nomial expansion the sum of the number 
of terms in each of the (m—1)-nomial ex- 
pansions, then the numbers of terms in an 
m-nomial expanded to the nth power is 
the sum of the number of terms in an m- 
nomial expanded to the (n—1)th power 
and the number of terms in an (m—1)- 
nomial expanded to the nth power. 

This means that we can form a table 
taking the form of a Pascal triangle stand- 
ing on one of the base angles, where m 
equals the number of terms in the poly- 
nomial and n equals the power to which 
the polynomial is expanded, and the num- 
bers in the table are the number of terms 
in each expansion. (See Table 1.) 

An interesting formula which will de- 
termine the number of terms in the ex- 
pansion of a polynomial of m terms to the 
nth power is 

-++(n+m-—1) 


Table 1 


This formula could be used in probabil- 
ity problems as an extension of the bi- 
nomial distribution. Thus, if an event 
could occur in six different ways (such as 
rolling a die), then for seven successive 
events, where we are concerned only with 
combinations and not permutations, the 
number of different combinations would be 


(8) (9) (10) (11) (12) 
(2)(3)(4) (5) 


or 792. The probability of any one such 
combination can be determined by the 
exponents and coefficients of such term 
in a 6-nomial expansion. 

That is, if a, b, c, and d each have a 
probability of .2 of appearing on any 
single throw, and e and f each have a 
probability of .1 of appearing on any one 
throw, the probability of getting an a, 
three c’s, and three e’s in seven throws 
could be computed by finding the coeffi- 
cient of the ac*e* term in a 6-nomial ex- 
panded to the seventh power. This term 
could be found either by combinations or 
by the method suggested earlier in this 
article, and would be 140 ac*e*. Next we 
substitute .2 for a and for c, and .1 for e in 
this expression to determine the proba- 
bility of this combination. That is: P= 140 
(.2)(.2)(.1)* or P=.000224. It is interest- 
ing to note that the number of terms in 
the expansion is the number of combina- 
tions of such events, while the sum of the 
coefficients is the number of permutations. 

Pascal’s triangle of binomial coefficients 
can also be adapted to a pyramid illustrat- 
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ing the coefficients of a trinomial expan- 
sion. This pyramid is a triangular pyramid 
with each lateral face a Pascal triangle and 
the coefficients of each trinomial expan- 
sion indicated by a set of equilateral tri- 
angles at regular intervals within the 
pyramid. The terms inside the triangle of 
each level are derived by adding the co- 
efficients of three adjacent terms from the 
preceding level. 

That is, the vertex of the pyramid would 
represent (a+b+c)°. The first level would 
be a triangle with a 1 at each vertex, repre- 
senting the coefficients of (a+-b+c)'. The 
second level would be six points arranged 
as in Figure 1, representing (a+b+c)?, 
and the third and fourth levels would be as 
in Figures 2 and 3, respectively. 

The lines drawn in each level indicate 
the triangle whose vertices determine the 
coefficients in the following level. The 
nearer a point is to the center of the tri- 
angle, the larger its coefficient, and points 
equidistant from the center represent 
equal coefficients. Similarly, the nearer a 


Figure 2 


point is to one vertex of the triangle form- 
ing that level, the larger the exponent of 
that factor in the term, and conversely. 

Similarly, other “pyramids” could be 
built using n-dimensional geometry. That 
is, if m=4, we would have a “tetrad” with 
each level a tetrahedron, and if m=5, we 
would have a “pentad” with each level a 
“tetrad”, and continuing in the same 
manner. 


Figure 3 
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The limit 


oTTO J. KARST, New York University, 


New York City, New York. 


“So you've got to the end of our race-course?” said the Tortoise. 
“Even though it does consist of an infinite series of distances? 
I thought some wiseacre or other had proved that 

the thing couldn’t be done?” —Lewis Carroll. 


‘THERE IS A DEFINITE TREND in secondary 
school mathematics education toward in- 
troducing the elements of the differential 
and integral calculus in the twelfth year. 
The teacher who is some years removed 
from his undergraduate calculus studies is 
confronted with the problem of refreshing 
his knowledge of calculus in order to deal 
competently with the problems of syllabus 
construction, lesson planning, and actual 
classroom instruction involving calculus. 
The objective of this article is to review 
one of the basic analytic ideas underlying 
the differential and integral calculus. This 
is the concept of the limit. 

The concept of the limit is central in 
calculus, since both the derivative and the 
definite integral are really limits. Every 
time anyone calculates a derivative or a 
definite integral, he is finding a limit. 

Let us imagine a conversation between 
a student and his calculus teacher who is 
trying to clarify some of the student’s hazy 
notions about limits. 

StrupEntT: The text talks a lot about 
limits. What is a limit really? 

Teacuer: Your use of the word “really” 
indicates that the mathematical concept of 
limit is somehow inadequately described 
by the common word “limit” from our 
English language. This is undoubtedly 
true, as the technical use of the word im- 
plies an understanding of mathematical 
concepts not at all evident from the word 
itself. Let me give you a few examples of 


limits first, and then we'll try to formulate 
the general concept. Here is a sequence of 
numbers: 1/1, 1/2, 1/3, 1/4, 1/5, ---. 
The general term of the sequence is 1/n 
where n takes on successive positive in- 
tegral values. What would you say is the 
limit of the sequence? I don’t mean the 
sum of the terms but rather the limit of 
the individual term as we go farther out in 
the sequence. 

StrupEnT: I’d say the limit was zero, 
since the successive terms are getting 
smaller and smaller as n increases. 

Treacuer: That’s right. The limit is 
zero, but the mathematician sees much 
more in the situation than just that. Does 
any specific term ever equal zero? 

Srupent: No, because even if n is, say; 
one billion, the number 1/1,000,000,000 is 
not zero, although very close to it. 

TEACHER: How close? 

SruDEnT: Well, if the terms were points 
on a number scale with units of, say, 
centimeters, the point for n = 1,000,000,000 
would be one billionth of a centimeter from 
zero. 

Teacuer: And what about all the terms 
in the sequence whose n is greater than one 
billion? 

StupentT: They would be even closer to 
zero. 

TreacHer: Now we have been talking 
about the limit in a mathematical manner. 
Suppose I were to name a small number, 
say, 0.001. What value would n have to be 
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so that the difference between 1/n and the 
limit zero would be less than 0.001? 

SrupEnt: The value of n would have to 
be greater than 1000, that is, 1001, 1002, 
etc. Then 1/1001, 1/1002, and each suc- 
ceeding term would be closer to zero than 
0.001. 

Teacuer: In other words, no matter 
how small a number is chosen, isn’t it al- 
ways possible to find a place in the se- 
quence beyond which all the terms of the 
sequence are closer to zero than the chosen 
small number? 

Srupent: Yes. As I begin to see it, the 
mathematician is not just interested in the 
limit itself, which in our example is surely 
zero, but in the closeness to it of something 
else, in this case 1/n. 

Teacuer: Exactly. The mathematician 
says that zero is the limit of 1/n because 
1/n can be made as close to zero as anyone 
desires simply by choosing n large enough. 
Now note this fine, but very crucial, point: 
1/n never actually equals zero no matter 
how large n is. 

SrupeENT: Do you mean that a variable 
ean have a limit and never actually be 
equal to the limit? 

TeacHer: That is precisely the idea. 
The actual attainment of the limit value 
by the variable is not necessary at all. 

SrupEnT: It seems to me that you go to 
a lot of trouble to have the variable close 
to its limit, and then do not care much at 
all about whether it ever really equals the 
limit. 

TeacHer: Well, that’s the whole point. 
In our example, 1/n can’t ever equal zero, 
but it can be as close to zero as we want. 
As you will see in later developments, par- 
ticularly when we study the derivative and 
definite integral, this aspect of the limit 
concept is very fruitful. What is probably 
disturbing you is a seeming nonmathe- 
matical lack of preciseness in the idea of 
the limit. Up to now the equality sign has 
played a dominant role in your mathe- 
matical thinking. You are used to saying, 
for example, r=0, or r=4, which sounds 
somehow solid and reassuring. Now you 


are meeting a more subtle type of mathe- 
matical thought. Something does not 
equal something else but merely is very 
close to it. These qualms, which you seem 
to have, are to be expected. We get com- 
fortably used to an idea, or way of think- 
ing, and then suddenly we are confronted 
with a situation that requires a new ap- 
proach. Naturally, you are somewhat re- 
sistant to the disturbance of your set 
thinking pattern. But these are only in- 
tellectual growing pains. 

Strupent: Could we look at another 
specific example of a limit? 

TeacuHer: Of course. The example 
have in mind now arises from a most in- 
teresting paradox from the Greeks which 
indicates that even those formidable 
thinkers wrestled with the difficulties of 
the limit concept. Have vou ever heard of 
Zeno’s paradox of Achilles and the tor- 
toise? 

SrupenT: I’ve heard of Achilles as a 
great hero in the Trojan War. 

TEACHER: Well, Zeno said that Achilles, 
great as he was, could not catch the slow 
tortoise if the tortoise had an initial head 
start, because if both Achilles and the 
tortoise started running at the same time, 
by the time Achilles reached the point 
where the tortoise started, the tortoise 
would have crawled to a new position. 
Then by the time Achilles reached that 
position, old tortoise would be at still 
another position. In other words, a faster 
body can never overtake a slower body 
because by the time it reaches any po- 
sition of the slower body the slower body 
will have moved on. 

StupEntT: But that’s ridiculous. 

TEAcHER: Of course it’s ridiculous, and 
the reason for its being so is that we are 
playing fast and loose with words when we 
should be treating the situation by mathe- 
matical analysis. I think you will admit, 
though, that old Zeno jolts us a bit by 
showing how dangerous it is to “‘verbal- 
ize’ a problem. Now let’s analyze his 
paradox by making a specific problem of 
it. Instead of Achilles and the tortoise, 
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we'll consider body F (for fast) and body 
S (for slow). Suppose that at the time 
(=0, S is at a position one mile ahead of F. 
Then the distance between them is d=1. 
Now let S move (in a straight line) at the 
rate of one mile per hour, while F moves 
at two miles per hour. How long will it 
take F to get to S’s original position, and 
where will S be then? 

SrupentT: It will take F 4 hour, since 
F’s speed is 2 miles per hour and he has to 
travel 1 mile. By that time S will have 
gone 4 mile, and the distance between 
them will therefore be } mile. 

TEeacHER: That’s right. Now keep your 
eye on the distance between them. At the 
start t=0, d=1; then at t=}, d=}. Now 
repeat the process. F will take only } hour 
to reach S’s second position and by that 
time S will have moved on another } mile. 
Thus at t=?, d=}. A similar calculation 
will show that at t=}, d=}, and so on. In 
other words, the sequence of successive 
distances between the moving bodies is 


recognizing that the general term is 
1/2"-'. For example, in the fourth term 
where n=4, we have 1/2?. 

Srupent: This is like the first example, 
because the limit of the nth term is surely 
zero, since as n gets larger 1/2"~' gets 
smaller. Or, as you would want me to say 
it, for any chosen number, no matter how 
small, a certain term in the series can be 
found such that the difference between it 
and zero is smaller than the chosen small 
number. 

TEacHER: Right, but you should add 
that the difference between all succeeding 
terms in the sequence and zero is also 
smaller than the chosen small number. 

SrupENnT: But even if the limit of the 
successive distances between the two bod- 
ies is zero, we have not shown that F 
really overtakes S. In other words, no 


matter how big n is, there is always a little 
d left. 

TEACHER: But we have shown that the 
“littleness” of d can be controlled. That 
is, it can be made smaller than the smallest 
number you can think of, simply by taking 
n large enough. 

StupEnNT: But according to the line of 
argument, d never does equal zero. 

TEACHER: The distance d does not equal 
zero so long as the time ¢ is less than 1 
hour, since at time t= 1 ~(1/2*~'), n terms 
in the d sequence have been generated and 
d=1/2*—'. But time inexorably marches 
on. When ¢ equals 1 hour, as it inevitably 
will, n becomes infinite, and then we as- 
sociate the limit value of zero with the dis- 
tance d. Here, then, is a situation where 
the mathematical limit has a very real 
physical significance since in the finite 
time of 1 hour an infinite number of terms 
of the d series are generated. Therefore it 
is the limit of d which we have to consider, 
and the limit does equal zero. Thus Achilles 
does catch the tortoise in spite of Zeno’s 
objections. 

SrupeEnt: Are there any other examples 
of limits? 

TeacHeER: There are many kinds of 
limits. So far we have discussed only se- 
quences of terms. Let’s look now at a limit 
of a sum of terms, also known as the limit 
of an infinite series. We can get this out of 
the Achilles-tortoise type problem which 
we have had under consideration by ask- 
ing how far F moves from his position at 
t=0 before he overtakes S. 

StupenT: Well, we should get this by 
adding up the successive distances that F 
moves, in other words, the successive d’s. 
Now we want the limit of the swm of the 
d’s rather than the limit of the individual 
terms. That should be 1+4+4+4+ -- - 
1/2"-'+ --- and so on indefinitely. But 
that’s easy. I recognize that as a geometric 
series with a ratio, r=}, and first term, 
a=1. Therefore, the sum is s=a/(1—r), 
=1/(1—4),=2. The answer is 2. 

Teacuer: If by “answer” you mean the 
result of inserting numbers into the for- 
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mula S=a/(1l—r) and doing a little arith- 
metic, then I must admit you have 
“solved” the problem. But we are not now 
primarily interested in answers, but rather 
fundamental concepts. Can you express 
your ideas in terms of limits? 

Srupent: Let’s see. The difference be- 
tween the sum of the first n terms in the 
series and 2 can be made smaller than any 
positive number you can name. 

TEACHER: That’s fine. You surely have 
the spirit of the limit: concept. Let me try 
to put it into more precise mathematical 
language. Let us define S,=sum of the 
first n termsof the series1+$+}+4+ -- - 
1/2"-'+ ---. Thus, for example, 


and 
Ss=1+3+i+%+ %, and 
S.=1+3+3+ --- 1/2". 


Notice that the series for S, terminates at 
1/2"-'. Now let me try to translate your 
previous statement into analytic sym- 
bolism. You said in part, “The difference 
between the sum of the terms of the series 
and 2,” and this I shall write as 


S.—2|. 
The absolute value signs are used because 
it is the magnitude of the difference, re- 
gardless of its sign, that interests us. You 
next said that this difference ‘can be 
made smaller than any positive number 
you can name.” The mathematician’s 
favorite symbol for this small number is e, 
the small Greek epsilon. Thus you say 


8,—2| <e 


where «¢ is an arbitrarily small, positive 
number. I'd like to carry this a bit further 
by saying that for any ¢ you choose, I can 
find a specific value of n which will make 
this inequality true. For example, if you 
choose e=0.1, then I note that 


S,—2 | = 


and 


17/8—2 


| Ss—2| =| 1 15/16—2 


Now |Se—2| and every succeeding 
|S, —2] will surely be smaller than .0625. 
Therefore, for all values of n>5, the in- 
equality 


| S,—2'| <0.1 


is true. 

SrupEnt: We are right back to the idea 
of controlled closeness as in the previous 
examples. 

TEACHER: Right. Now let me try to say 
this all at once: If 


1/2, 


then for any arbitrarily small positive e, 
a specific value of n, say N, can be found 
such that whenever n> JN, then 


S,—2| <e. 


Strupent: The specific value of N de- 
pends on the choice of e? 

Teacuer: That’s right. In fact you can 
say that N is a function of « or N=f(e). 
The actual solution of a limit problem is 
not just to find the limit, which may be 
fairly easy, as it was in this case, but rather 
to find this functional relation between the 
small number ¢ and some other parameter 
which controls the range of the variable of 
problem. In the case we have considered, 
this other parameter was N, for only when 
the variable n was greater than or equal to 
N, was |S,—2| <e. Therefore the real 
problem here is to find N as a function of 
eso that when a specific ¢ is chosen, an N 
is determined such that when n> JN, then 
| S,—2| <e. 

StupEntT: That sounds as if it might be 
a real tough problem. 

TEACHER: In general it is, and for the 
present at least 1 would like to defer it 
until we develop the concept of the limit 
of a function with a continuous independ- 
ent variable. Let me then put this problem 
to you: Find 

lim z?, 
z—2 
where x can have any real value. 

SrupentT: I see that x is a continuous 

variable which makes this different from 
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the discrete cases we have already con- 
sidered. I am pretty sure that the answer 
to the problem is 4, but I know by this 
time that what you want me to discuss is 
the closeness of x? to 4 when z is close to 2. 
I feel that it would be helpful to tabulate 
some values. 

TEACHER: Good idea. May I suggest the 
following tabular arrangement? 


SrupDEnt: I can see the necessity for the 
first two columns, but why do we want 
columns (3) and (4)? 

TeacHer: Well, column (3) will meas- 
ure the closeness of x to 2 and column (4) 
will measure the closeness of x? to 4. 

StupenT: see. Now substitute 
some values for x close to 2 and see what 


(4) 
|z*—4| 
84 
Al 
.0401 
.004001 


4.004001 


TEACHER: That’s enough to show some 
significant trends. 

StupentT: Yes, now I see why you put 
in columns (3) and (4). When z is within 
.001 of 2, x? is within .004001 of 4. In 
other words, if you name the number 
.004001 as the desired closeness of x? to 4, 
I can guarantee that closeness simply by 
taking x within .001 of 2. 

YEacHER: You are almost correct and 
I hate to mention this, but what if 
z= 1.999? | 

SrupentT: Oh yes! We must consider 
that, of course. My calculations show that 
when z=1.999, x?=3.996001; . | 


=.001 and | x?—4| =.003999, so I am still 
right! If you make .004001 the closeness 
criterion for the function, then .001 is the 
closeness criterion for x regardless of what 
side of 2 z lies on. 

TEACHER: Can you generalize these 
thoughts? Suppose instead of a specific 
small number .004001, I merely gave you 
the general symbol ¢, implying an arbi- 
trary small positive number. What would 
you have to find? 

Srupent: I would have to find another 
small positive number, say, 6, such that 
whenever z is within 6 of 2 the function x? 
would be within ¢ of 4. 

Teacuenr: In other words, for any arbi- 
trary small positive «, a 6 can be found 
such that when 0<|x—2| <6, then 
|22—4| <e. 

Strupent: Is that what the mathema- 
tician has in mind when he writes 

lim x? = 4? 


TEAcHER: Exactly. 
SrupEnt: One thing still puzzles me. If 
the problem ‘Find 


lim x?” 


were put to you, you wouldn’t actually go 
through the process of constructing the 
tables or investigating the «¢,6 relation; 
you would just substitute 2 for x in x? and 
get 4, wouldn’t you? 

TEACHER: Yes. 

StrupDEntT: Isy’t that being a little intel- 
lectually dishonest to find the limit by 
letting x equal 2 when the whole philos- 
ophy of the concept of the limit is that x 
can’t equal 2? 

TeacHer: That is a sharp question 
which shows that you are beginning to 
develop a healthy critical state of mind. 
I’ll try to answer you by showing that 
there are some situations where the limit 
can be found by direct substitution quite 
legitimately, and other situations where 
it is impossible. As a counterexample 
consider this problem: Find 
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. 
| |z-2| | 
| 
| 
| 
happens. 
(1) (2) | (3) 
2.2 | 4.84 whe 
2.1 | 4.41 
2.01 4.0401 | 01 | 
2.001 | P| -001 


ping 
lim 
Srupent: When xr=0 is substituted in 
sin x/x we get 0/0, which is meaningless. 
Yet I recall that this limit equals 1. 
TeacHer: Yes, and it is found by a 
geometric proof. How about this one, 
lim ? 
STUDENT: Again indeterminate. 
TEACHER: Now try 


lim —— 
ra r—2 
by direct substitution. 

StupENT: This would be 4/0, which is 
meaningless. 

TEACHER: Can you see how each of 
these counter examples differs from 

lim 2?, 

2-2 
which can be evaluated by direct substitu- 
tion? 

StrupEnT: Well, something strange hap- 
pens to the function at the limit; it either 
is indeterminate or infinite. 

TeacHer: The mathematician would 
say that the function does not then exist. 
Under those circumstances the limit can’t 
be found by direct substitution. 

StupEnNT: Then so long as the function 
exists at r=a, 

lim f(z) 


za 


can be found by direct substitution of 
z=a in f(z)? In other words, 


lim f(z) =f(a)? 


TEAcHER: The existence of the function 
is only a necessary condition. There are 
still other conditions which have to be met 
before you can safely find the limit by 
substitution. All of these conditions to- 
gether establish the continuity of the 


function at xz=a. If the function is con- 
tinuous at r=a, then 

lim f(z) 

z—<a 
does equal f(a), and one can use substitu- 
tion of x=a to find the limit. 

StupeEnt: What are these conditions for 
continuity? 

TEAcHER: You can determine if a func- 
tion f(z) is continuous at z=a by de- 
termining (1) if f(z) is defined at x=a, 
that is, if f(a) exists; and (2) if 


lim f(z) 


exists. If f(a) exists and 


lim f(z) 


exists, and if 


lim f(z) =f(a), 


then you have shown that f(x) is continu- 
ous at r=a. If it happens that f(z) is not 
defined at x=a, or that 
lim f(x) 

does not exist, or that, in case both exist, 
they are different numbers, then you have 
determined that f(x) is discontinuous at 
z=a. I realize that this is pretty technical, 
and perhaps some day we should discuss 
the concept of continuity in greater detail. 
For the present we can say very roughly 
that a function is continuous at a point 
with abscissa r=a, if its graph has no 
breaks there. However, the really rigorous 
definition of continuity proceeds as I first 
indicated. 

Srupent: There is one more aspect of 
limits that I would appreciate your show- 
ing me. Would you work out the fune- 
tional relationship between ¢ and 6 for a 
specific problem? 

TEACHER: Surely. The very heart of any 
limit problem is to know what 6 one needs 
in |z—a| <6 to meet the requirements of 
any ein | f(z) —L| <e. I’m using L as the 
symbol for the limit of the function f(z), 
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as x—a. For a specific problem, consider 
the old stand-by: 

lim x?=4. 

Our problem now is not to find the limit 4. 
It is easy to see that x? is close to 4 when 
x is close to 2. What we want to examine is 
the relation between |2*—4|<e and 
|2—2| <8. In other words, to find 6 as a 
function of ¢, so that when e is specified as 
the desired closeness of xz? to 4, 6 will be 
determined as the necessary closeness of 
to 2. 

SrupenT: In other words, if someone 
gives you some value for « like .001, then 
the function of ¢ could be used to find the 
numerical value of 6, which would be the 
range around 2 within which z would have 
to lie to make 2? lie within .001 of 4. 

Teacuer: That puts it very well. Now 
see if you can follow the analysis where I 
use the general symbol ¢ instead of .001. 


a?—4| <e 

can be written 

—e<7?—4<e, 
since x?—4 can be either positive or nega- 
tive but not larger in magnitude than e. 
This inequality is satisfied by the same 
values of z if 4 is added throughout. There- 
fore, we have 

Taking the positive square root through- 
out, we get 

This inequality expresses the range of posi- 
tive x consistent with 

| 22—4| <e* 
Now, surely, 


* Actually, this range only holds if 0<e<4. When 
e>4, we have —1\/4+e<2<1/4+e. This, however, 
leads to the same e¢, 6 relation as the inequality con- 
sidered. 


Vite, 


since ¢ is positive. All we have to do now is 
to see which of \/4—e and \/4+¢ is 
closer to 2. Then this range will equal 6. A 
little thought will tell you that 


| >| 


since \/4—e<1/4+e. Therefore, \/4+¢ is 
closer to 2, and we finally get 6=1/4+«—2 
as the desired functional relation. 

SrupeEntT: That was rough. 

TeacueERr: Yes, unfortunately each limit 
problem presents its own unique difficul- 
ties in finding the e, 6 relation. 

StrupEnT: I may not be able to repro- 
duce that development myself, but I’m 
pretty sure I know its meaning. 

TeacHER: What is that? 

SrupeEntT: Well, if « is given as, say, .01, 
we can now calculate 6 exactly as 


6= 14.01 —2=.00250, and we can then 
say that if |x—2| <.00250, then 


| <.01. 


TEAcHER: That’s it. We now have the 
complete picture about 


lim 2?=4. 


We not only know that the limit is 4, but 
with the relation 6=\/4+e—2 we also 
know exactly what 6 to use for a given « to 
be able to say that when |x—2] <6, then 
| <e. 

Strupent: What is there to learn next 
about limits? 

Teacuer: Well, the derivative and the 
definite integral are both limits. If you’ll 
drop in again some.ime, we can see how 
the limit concept is applied to those two 
basic ideas of calculus. 
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Grouping 


—~in the normal mathematics class 


CLAUDE IVIE, EUGENIA FOWLER, and VIRGINIA GRAHAM, 
Meridian Public Schools, Meridian, Mississippi. 


As a part of the curriculum restudy initi- 
ated in the Meridian Public Schools in 
1955, an experimental revision of the 
mathematics program, grades one to 
fourteen, is under way. Experimental re- 
vision in the mathematics area is to be 
centered around three areas: 


1. A study of mathematics requirements 
in general education. 

. An examination of the newer content 
suggested for mathematics today. 

3. A cautious examination of the methods 
for meeting individual differences— 
homogeneous and heterogeneous group- 
ing, acceleration and/or enrichment, 
and individualizing instruction within 
a class. 

A survey of the mathematics program in 
the Meridian Public Schools was made. 
Data obtained were: 

1. There was evidence that the achieve- 
ment levels of the various grades from 
one through fourteen were at or above 
the national norm on standardized 
tests. The range of scores was very 
narrow, being no more than two grades 
and usually one grade between the 
highest and the lowest student score. 

2. The Iowa Algebra Aptitude Test was 
given a selected group of thirty top 
students from the sixth grade of the 
nine elementary schools in the city. 
These scores were compared with the 
scores of students on a similar test 
given at the end of the eighth grade. 


An account of how one high school 
‘ surveyed its mathematics program 


and how it used the results of its survey. 


The thirty students in the sixth grade 
scored as high as the eighth-grade stu- 
dents, with the exception of the very 
top scores. 

. There was indication from a survey 
made that the elementary school 
teachers and high school teachers used 
the normal everyday occurrences in 
arithmetic, or mathematics, for extend- 
ing or enriching the abilities of students 
in mathematics. 

. It seemed that most teachers followed 
a single textbook as a guide, with all 
students in each grade or in each sec- 
tion progressing generally at the same 
rate. 


EXPERIMENTATION PROCEDURES 


In the school year 1956-1957, two 
teachers at the senior high level began 
experimentation with grouping 1n_first- 
year algebra, plane geometry, second- 
year algebra, and business mathematics. 
No attempt was made to introduce new 
content into these subject courses. Instead, 
the two teachers made work sheets in- 
volving all the chapters in each book. 
Each student, or group of students as 
grouping developed, was allowed to work 
at his own rate of speed in moving through 
the prescribed material in the course. The 
teachers moved from group to group 
giving such instruction or assistance as 
was needed. No attempt was made to use 
large or whole group activities throughout 
the year. 
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RESULTS OF EXPERIMENTATION 


The following results were obtained. No 
more than six students in each group 
moved beyond the prescribed course work. 
These six students went as.far as approxi- 
mately one-third year in the succeeding 
courses. For example, the first-year alge- 
bra students completed first-year algebra 
and went into plane geometry. The stu- 
dents in plane geometry moved into 
second-year algebra. Second-year algebra 
students and business arithmetic students 
did not progress beyond the accepted 
course-matter material but did complete 
all of the sections in the book. The books 
in the second-year algebra and business 
arithmetic have sections which are called 
enrichment or supplementary materials. 


CONCLUSIONS AND RECOMMENDATIONS 


At the end of the school year, the two 
teachers analyzed the year’s work in order 
to plan for 1957-58. Their analysis was as 
follows: 

1. Three sections of students after a trial 
period of grouping stated that they did 
not like working in groups and worked 
throughout the remainder of the year 
as a whole group. Three other sections 
of students also stated that they did not 
like to work in small groups and started 
out as a whole group. However, a small 
group of six to twelve students in each 
section got bored with the whole process 
and decided to work on by themselves. 
They proceeded at their own rate of 
speed, while the majority of students 
continued together. Four sections of 
students worked completely in small 
groups with three to five groups op- 
erating independently at the same time. 

It was extremely difficult to get the 
very superior child to move far out 
ahead of the other students. The stigma 
of “brains” or “egghead” or “bright 
boy” was too much for most students. 

Homogeneous grouping does not seem 

to be the answer, as such taunts are 

thrown at members of a homogeneous 


section of bright students in the English 
field. 

. Students in sections where grouping 
occurred proceeded at varying rates of 
speed. At certain times they would 
speed up and work as far ahead as two 
or three chapters. Then they would 
coast for a time. In the end, the ma- 
jority of students completed the usual 
class work even though many small 
groups of the brighter students com- 
pleted all of the text material. Only six 
students moved into the next year’s 
course, and those people worked as in- 
dividuals. 

3. There was a more relaxed atmosphere 
in the classroom. The students helped 
one another often. They felt that they 
could work as they wished and did not 
feel the compulsion of the teacher- 
compelled requirements. 

4. There was a small group of normal stu- 
dents who failed because they could not 
assume the responsibility. Whether or 
not they could have passed under nor- 
mal circumstances is not known. 

5. A large amount of materials is needed 
to satisfy the fast-moving students. 
Teachers bought several workbooks, 
texts, an. other material and spent 
many e¢ tra hours preparing work 
sheets. 

). The students stated in their evaluation 
at the end of the year that they would 
have liked some activities which pulled 
them together as a whole group. They 
felt they kept ‘‘their nose to the grind- 
stone” too much. The teachers agreed 
with the evaluation of the students. 

. The teachers felt that the students 
worked with more speed and under- 
standing of their own volition through- 
out the course. 

. Student reaction as a whole was com- 
pletely favorable. 

. Parent and community approval was 
general. 

There are two other major problems of 
acceleration within the normal classroom. 

The first problem is that most faculty 
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members will have to undertake this 
process in order to meet the individual 
differences encouraged in achievement; 
however, it must be noted that children 
are not going to accelerate themselves to 
any great degree. The second problem is 
that of providing whole-group activities 
and/or enrichment activities for the entire 


class. Teachers and students seemed to 
feel a great need for the common experi- 
ence. Study has been underway this sum- 
mer to devise whole-group activities which 
may be used in advanced mathematics 
classes. The study is now in process and 
its results will be reported on at a later 
date. 


Have you read? 


Joun. “The Missile-Era Race to Chart 
the Earth,’”’ Life, May 12, 1958, pp. 124-138. 


What is the exact size and shape of the earth? 
This question is asked not only by your mathe- 
matics students but by modern scientists, too. 
John Dille has written an interesting and infor- 
mative article on how charting the earth is 
being done. Did you know the unmapped por- 
tion of the world is greater than the mapped? 
Did you know that no single meridian has ever 
been measured from pole to pole? Did you realize 
that to get the circumference of the earth to the 
nearest one-tenth mile we need to correct for 
bending of the sun’s rays? You will be amazed 
to read that the geodesists have found the best 
way to map the earth is to ignore it. Your stu- 
dents will appreciate the problems of traveling 
all over the globe to make measurements. This 
article describes frontiers still open and how 
mathematics has a basic part in their explora- 
tion. Read it and let your imagination do the 
rest.—Puiuip Peak, Indiana University, Bloom- 
ington, Indiana. 


Hopper, Maryrtyn, “Geometry Plain and 
Simple,” Sunday Magazine, Indianapolis 
Star, February 23, 1958, pp. 12-15. 


This is a magazine writer’s report on the ac- 
tivities of Madge Masten, teacher of mathe- 
matics in Plainfield, Indiana. For over thirty 
years this teacher has been inspiring students 
to do more and more in mathematics. Her stu- 
dents want to study mathematics. She relates 
mathematics to the students’ world through 
regular projects ranging all the way from curve 
stitching to completed scale-model houses used 
by architects. Her classroom is a fascinating ex- 
hibit of mathematics in many different forms. 
Pupils spend their spare time browsing in her 


room. A local lumber dealer offers prizes to stu- 
dents with the best scale houses. All of this is 
outside the regular class activities of developing 
the fundamental principles of mathematics. The 
proof of her classroom teaching lies in the num- 
ber of her students who are successful in mathe- 
matics and sciences as their life’s profession. 
This article has implications for all of us.— 
Puiurp Peak, Indiana University, Bloomington, 
Indiana. 


Munrog, M. E., “Bringing Calculus Up-to- 
Date,’ The American Mathematical Monthly, 
February 1958, pp. 81-90. 


It is impossible to give you the real impact of 
this article in a short statement. However, this 
is one of the few articles to bring the calculus 
out of cold storage and specifically show the way 
toward its modernization. For example, the 
author points out the need to distinguish be- 
tween a function f and its values f(a), and to 
note that co-ordinate variables z and y are map- 
pings and that the differential geometry mean- 
ing of y=f(z) is more adaptable in modern cal- 
culus. 

The meaning of functions, the ideas of dif- 
ferentials, and even the simple notations need 
to be studied so that the meaning becomes clear 
and more precise than has been the case in the 
past. Improvement in calculus will not come by 
injecting more function theory, but it will come 
through better use of differential geometry. This 
will be difficult, but failure to do so means trans- 
mitting to the next generation only that infor- 
mation available to our grandfathers. For those 
of us who studied calculus ten or more years ago 
this article is Peak, Indiana 
University, Bloomington, Indiana. 
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Micky’s proof of the medians theorem 


M. L. KEEDY, University of Maryland, College Park, Maryland. 
This true story makes a plea for the adoption 

of teaching techniques involving informal deduction 

to avoid stifling creativity in young minds. 


MIcKY IS FOURTEEN. He usually fails, or 
nearly fails, arithmetic. He tends to be a 
dreamy sort—forgets to do assignments 
and just can’t see the point of learning 
multiplication tables. His spelling is 
atrocious, and although he is fairly certain 
that 6 X8 is 48, he is quite uncertain about 
8X6. 

Micky, along with another boy his own 
age, was shown a sketch of a triangle in 
which the medians were drawn. It was 
remarked that they appeared to be con- 
current, but it was pointed out that no 
drawing is completely precise, and the 
question was posed as to whether the lines 
were actually concurrent. The language 
used was much less impressive than this, of 
course. 

After a few minutes of thinking, and a 
little argument between the boys, Micky 
announced his conclusion: The medians 
of any triangle were concurrent. When 
asked how he knew this, he replied that in 
any triangle one can always join the feet 
of the medians to form another triangle 
within the first, and that the medians will 
be inside it. (He did not realize that the 
medians of the two triangles actually coin- 
cide.) Then one can join the feet of the 
medians of the small triangle to form a 
third triangle within the second, and the 
process can be repeated. Then he an- 
nounced, “Since there is no end to this, 
the medians have to meet in a point.” 

Although Micky’s proof would hardly 
be considered rigorous by the mathe- 
matical analyst, it can be made rigorous 
with a bit of doing. The idea can also be 


used with a geometric progression to prove 
that the intersection of the medians tri- 
sects them. To Micky, however, his proof 
was more convincing than any of the tra- 
ditional proofs could have been. Any chain 
of reasoning which was not at least partly 
his own would have left him in the same 
frame of mind as the usual arguments 
in favor of learning the multiplication 
tables. Furthermore, his reasoning, infor- 
mal though it was, was principally deduc- 
tive, and it clearly indicates the presence 
of an ability to reason mathematically. 

It is no secret that this came as a great 
surprise. In fact, the reasoning involved 
appears unusually sophisticated, even for 
much more astute youngsters of fourteen. 
It might be added that Micky is currently 
struggling with mathematics homework 
almost nightly, attempting to finish the 
required number of problems and write 
them down in exactly the right form, to 
avoid a failing mark for the semester. The 
conclusion is obvious, perhaps even well- 
worn: a staggering emphasis on rote learn- 
ing is stifling creativity in the young 
mind. In this respect Micky is not an iso- 
lated case. He may not even be in a minor- 
ity. 

Micky’s proof of the medians theorem 
resulted from his being given the oppor- 
tunity to do some informal deduction— 
that is, informal reasoning without refer- 
ence to axioms and with no requirement 
that statements and reasons be written in — 
a rigidly formal fashion. Yet the reasoning 
is clearly deductive, as the presence of the 
words “for any triangle” will testify. 
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Reasoning of this sort is sound mathe- 
matical thinking, and junior high school 
students might well be encouraged to do 
it. The teacher who encourages this kind 
of thinking is sure to learn some quite 
unconventional mathematics. It seems 
sure, too, that he will be providing a sound 
base upon which formal mathematical 
deduction may later be placed. 

It is not easy for any teacher consist- 
ently to plan activities so as to capitalize 
on the creativity of children. There is no 
formula for such planning, nor can there 
be, since the creative mind, by definition, 
will give rise to the unexpected. It is not 
difficult to find hints on the use of the 
“discovery approach” or articles on the 
distinction between inductive and de- 
ductive thinking. The difference between 
the concrete and the abstract in teaching 
is still discussed at some length, and is uni- 
versally known. The place of inductive 
thinking in school mathematics is likewise 
well known, but the concept of informal 
deduction is not. Micky’s proof prompts a 
discussion of it. 

There is wide agreement that in the 
teaching of mathematics those procedures 
which are sound from the mathematical 
viewpoint tend to be the best also from 
the psychological view. If this is the case, 
then it appears that learning should pro- 
ceed in the following steps: 


1. Induction 
2. Deduction 
3. Possible application. 


New mathematics is developed in this 
order. Mathematicians think in this way. 
Application is listed only as “possible,” 
since not all mathematics finds applica- 
tion. Furthermore, application is not es- 
sential to the process of learning a mathe- 
matical concept. The deduction may be 
formal or informal, depending on the ma- 
turity level of the student. For very young 
children, it may be necessary to omit this 
step, but it seems clear that deduction 
should take its proper and central place 
at the earliest possible maturity level. 


Micky’s case provides a convincing argu- 
ment that this level is found in early junior 
high school or below. 
The teacher using this procedure in the 
junior high school would very probably 
introduce a new concept by using a ques- 
tioning technique, getting students to 
express opposing views on the new ques- 
tion. He would encourage hunches, trial- 
and-error procedures, and even experi- 
ments by the students, in an attempt to 
answer questions. This is Step 1, Induc- 
tion. When a question is formulated and 
there is a conviction among students that 
they have found its answer inductively, it 
is then the task of the teacher to shake 
this conviction, to prepare the way for in- 
formal deduction. If students have meas- 
ured angles of triangles, or torn off their 
corners and matched them with a 
straight angle, to convince themselves 
that the sum of the angles is 180°, for 
example, the teacher must—unpleasant 
as it may seem—point out that there are 
“millions and millions’ of triangles, 
whereas only a few have been tested. Fur- 
thermore, these procedures are only ap- 
proximate, so the question is not really 
answered. It is difficult to shake an ado- 
lescent conviction, but shaken it must be 
before the informal deduction takes place. 
When the way has been cleared for in- 
formal deduction, the teacher points out 
that the question must be reasoned out. 
True, it may be fairly certain what the 
answer is, but to be sure, reasons must be 
given which apply to all cases in question, 
rather than to just a few. Reasons which 
can be given are diverse, even for a single 
proposition. In the case just mentioned, a 
student may wish to imagine himself walk- 
ing around a triangle, knowing that when 
he walks completely around any triangle, 
he will have turned through 360°. Or he 
may wish to consider a line through one 
vertex parallel to the opposite side, or a 
parallelogram made up of two triangles. 
The teacher need not— indeed, must not 
have all the ideas. The students will sup- 
ply them. Micky’s proof emphasizes this. 
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The teacher must, however, insist that 
whatever is presented be an argument 
which begins “Forany... .” 

If applications of the propositions thus 
proved are to be made, habits formed in 
doing informal deduction should put the 
student in an advantageous position. He 
will expect to have to figure out how to 
make the application, instead of asking 
for an artificial rule. Indeed, he already 
has a kind of rule in the proposition that 
he has deduced, and it really means some- 
thing to him because he has figured it 
out, or helped to figure it out. 

It should be noted that the procedure 
outlined by these three steps is opposed 
to the classical view that learning should 
proceed through the concrete to the ab- 
stract. Induction may involve the con- 
crete world, but this is not necessary. For 
example, a student may come to believe 


inductively that the sum of two odd num- 
bers is even, without using piles of apples 
or any reference to the real world. Deduc- 
tion is of course abstract, and the applica- 
tions may be made to the real world or 
within the realm of mathematics itself. 
Thus the concrete may enter the process 
in Steps 1 or 3, or may be totally absent. 

These three steps may be considered a 
modification of the so-called “discovery 
approach.”’ Certainly the student is en- 
couraged to make discoveries in all three 
steps. However, the usual view of the 
discovery approach has it based almost 
entirely on induction. Deduction is re- 
served for the more austere mathematical 
regions, such as formal geometry. In these 
steps, the idea of discovery is extended to 
include deduction, formal or informal, de- 
pending on the maturity of students, and 
even to include the area of applications. 


Letter to the editor 


Dear Sir: 

As a member of the Thirty-sixth Convention 
of the National Council and one who spent con- 
siderable time trying to analyze the mood of the 
assembled delegates from all over the nation, I 
should like to report here a few findings, and to 
suggest a course of action. 

Mathematics is presently in the national 
limelight, and if we are not careful, we are quite 
likely to take steps merely for the sake of dem- 
onstrating some kind of activity without giving 
proper thought to the outcome. What we need 
is not “new’’ mathematics, except in the sense 
that we need a “new’’ sunset, or ‘‘new’’ sym- 
phonic interpretations occasionally. The really 
new that is needed in mathematics is the exten- 
sion of the traditional, not because it is the 
traditional, but because the traditional 7s mathe- 
matics. 

We are presently faced with a just demand 
for acceleration in our math programs. As 
thinking people, we should now be giving all 
our thought to the development of the ad- 
vanced-standing scholars in our institutions, 
offering them an opportunity to move rapidly 
through the fields of basic and advanced ideas 
to the natural limits of their ability. We should 


avoid notions and schemes which slow such 
scholars down, or which must be discarded when 
more advanced work is encountered. 

These people are the elite of our school popu- 
lations. We should treat them as carefully as we 
would handle a cherished treasure. There may 
be places where we should make changes in our 
methods of teaching them, but the changes 
must be reduction of unnecessary complications 
in the teaching process rather than the addition 
of devices or tricks not universally applicable. 

I call upon the National Council to examine 
with a full and unhampered conscience its posi- 
tion with regard to the “‘modern”’ techniques of 
teaching ninth-grade algebra. If there is no posi- 
tion, I call upon you to take one, as the acknowl- 
edged leader in the profession. This is not the 
time for us to rally, starry-eyed, around the 
first camp to propose something new. Intelli- 
gent leadership here can avoid many mistakes, 
and of all times, now is when we should avoid 
them. 

Yours very truly, 

Arthur E. Cebelius 

Ass’t Principal 

Sedgwick Junior High School 
West Hartford 7, Connecticut 
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Let's try the “fi” system 


DAVID H. KNOWLES, Samuel Ayer High School, Milpitas, California. 
In these days it is good to have suggestions that 

bring out fundamental ideas for the schools. 

Teachers should do more with enumeration systems. 


IN THE ACCOUNT THAT FOLLOWS no at- 
tempt will be made to justify or prove the 
effectiveness of the techniques shown. I 
shall let my experiment stand on its 
merits as an intellectual gambit with the 
properties of number systems, from which, 
if you are so inclined, you may construct 
your own tests and draw your own con- 
clusions. 

I suggest that in terms of class partici- 
pation and understanding the procedure 
that follows can be equally successful with 
any group from capable fourth-graders to 
university graduate students. The degree 
of interest and participation, strangely 
enough, seems to depend less upon intel- 
lectual capacity than upon personality 
traits. Some earnest students of lower 
ability will grasp the ideas quickly, while 
more capable but practical-minded stu- 
dents may become impatient and perhaps 
consider you a little “wacky.” 

In using the “fi” system with general 
mathematics and algebra classes, covering 
a wide range of ability, it was found that 
acceptance of this experimental approach 
is not so much a matter of ability as it is a 
matter of attitude. Naturally success must 
hinge first upon acceptance, so we find 
that individual progress does not always 
follow expectations based upon ability. 
Of course, this is also true to a less notable 
degree in the normal course of class activ- 
ity. 

The purpose of the “fi” system is to de- 
velop an appreciation of number systems 
and some of their simpler properties. 
Little equipment is needed, but three 
dozen children’s alphabet blocks or the 


equivalent are helpful. A proper intro- 
duction would be some discussion of 
primitive methods of counting, such as 
marks, notches, tallying, use of fingers or 
toes, reference to the primitive “one, two, 
many,” and a discussion of how the prob- 
lems of extending these ideas needed to be 
solved as counting needs grew more com- 
plex and communication extended beyond 
the direct person-to-person stage. 

After the need has been established, 
then the idea “‘Let’s invent a number sys- 
tem of our own”’ can be introduced. Can 
such a system be a logical development of 
these primitive forms? To what might we 
naturally relate and extend our number 
system? To the hand? To both hands? 
Might one hand be simpler? What do we 
need for long-distance communication? 
Symbolic representation? If so, what sort? 
Individual symbols? Words? Let’s start 
from the primitive hand and objects to be 
counted and devise symbolic words for 
our system (Fig. 1). 

We have exhausted the possibilities of 
one hand. We have larger quantities to 
represent. Where do we go from here? A 
whole hand was “fi’’. Let’s start over 
again. A whole hand and one more would 
be “fi un”, then “fi du”, and so on to twor 
hands. How many are two hands? Refer- 
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| 
4 
0 UN 
— DU 
— TRE 
— Fo 
Figure 1 


Figure 2 


ring to our words and objects, we see that 
“du fi” accurately represents the quantity 
we have in mind. Our counting can con- 
tinue apace to establish “tre fi” and 
“fo fi’ (Fig. 2). 

It will be simpler if, as we establish 
these numbers, squares are drawn on the 
blackboard or blocks are used. When five 
“fi’s”’ are reached the answer to the ques- 
tion, “‘What sort of an arrangement do we 
have here?” is obvious. We may then ask, 
“Will ‘fi square’ be equivalent to a square 
‘fi’ on a side?” “Can we contract ‘fi 
square’ to a more convenient usage?’ 
“How about ‘fisk’?” So we establish the 
name for a group of twenty-five as well as 
for a group of five. We continue our count- 
ing, illustrating with blocks from “fisk 
un” to “fisk and on to “du fisk”’, “tre 
fisk’’, “fo fisk’’, and until we have the 
array (Fig. 3). 


Figure 3 


Whereupon, ‘What does it look like?’’ 
and other leading questions soon have 
“fi cube” contracted to “fik”. By now 
light is dawning, and the phonetic fire- 
works of ‘“‘fi “fo fi”, ‘“‘fik fi’, “du fik 
fi du’, and “fi fo fik” temper and stimu- 
late our not-too-serious intellectual exer- 
cise as they make their appearance. 

But wait a minute! What about “none’’? 
Must we be able to represent this? Is it a 
number? Let’s use “oh” for void, empti- 
ness, complete lack. 

But is it not clumsy to have to write 
numbers in this longhand form at all 
times? Can our system be further simpli- 
fied? How? By symbolic numerals? How 
did we, as primitives, indicate how many 
dinosaurs we saw in the glen? Did we in- 
dicate them with sticks in the dust and 
further tally marks (Fig. 4)? 


Figure 4 


Or did we indicate them as fingers and 
other hand symbols (Fig. 5)? 


Figure 5 


Perhaps our invented symbols should 
approximate these. Let’s begin. (See Figure 
6.) 

Note that it is worthwhile to list the 
“agreements” we must reach from time to 
time to make our number system effective. 

While some may object to the represen- 
tation of objects in Figure 6, if they are 
introduced and recognized as a cruder 
symbolism or hieroglyphic, they should 
be acceptable to the most rigorous mind— 
and clearly an aid to student understand- 
ing. 
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1, 
| 


~< 
= 


OBJECTS 


- 


00000=A 
4o FISK UN 


FISK FI 
ao0oougn FISK TRE FI DU 


AsA0unn0 TRE FISK FI FO 


FIR un 


1010 FIK Fl 


Bo NOOO DU FIK 


10000 Fl FIK 


Fi FO FIK 


00000=4 100000 FISK FIK 
1000000 


Figure 6 
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WORD 
NONE uN 
TRE 
FO 
oo0000-0 FI 
oo FI UN 
ono FI 
Fl 
DU FI 
000 Mo TRE FI 
0000 &O FO FI 
BO 
. 


& 10 Il 


By now the pattern is established, and 
the segment of your group that is not 
amused and confused will be amused and 
eagerly with you. Depending on the 
group with whom you are working, this 
may be enough exploring for one or more 
days. If you are assignment-minded (or 
would like to try for voluntary efforts), 
you might provide these guiding problems: 


1. Can you construct a number scale 
for the first 150 number symbols as 
in Figure 7 above? 

2. Make a logical construction of names 
for 8, 9, 10 place numbers. 

3. Can you write the proper word sym- 
bols for the 150 number symbols of 
Question 1? 

4. Change the number 
Figure 8 to our decimal counting 
system. 


11; 101; &0ON; M&N; NO&M 


Figure 8 


symbols in 


5. Change 5; 11; 21; 36; 104 to the “fi” 
counting system. 


400000 

AND 444400000000 

GIVES A444400000000 


WHICH 
BECOMES 4 oO a0 


Figure 9 


BY OUR SYMBOLS INM 


COMPARE THE TWO RESULTS 


IN IM 1& NO Ni NN NM N& MO Mi MN MM 


Figure 7 


6. At this point, make a comparison and 
criticism of the “fi? and decimal 
number systems. 


If you feel like carrying on a second day 
—and I hope you will—you can begin by 
producing the number scale of Problem | 
and having class members recali various 
names, after reviewing group sizes if 
necessary. 

Now the idea of “anding” can be intro- 
duced, that is, when we have one group of 
objects and another, how can we express 
their togetherness? By the use of the num- 
ber scale, it is easy to count each group, 
and it won’t be long before someone sug- 
gests counting one group on the scale, 
then continuing from the end point and 
counting the second group. At this point, 
commutative and associative laws of addi- 
tion can be verified and agreed upon. 

But isn’t it too much work to have to 
refer to a number scale for each “and” 
operation? What about finding the result 


of &OIMN and [IM&O? Would 


it be feasible to count this out on a scale? 


USING THE 
"AND” TABLE 
11NN — > FIK FISK DU FI DU 


“AND” TABLE 
AND & 


& 
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An addition table can now be developed, 
with emphasis on the idea of combining 
like groups. The use of different-sized 
blocks or symbolic notation as shown for 
“objects” above will aid and illustrate 
the “replacement” (carrying) of five 
smaller groups by one of the next size. 
(See Figure 9.) 

Now consider the process of ‘‘removal,”’ 
such as “having fi, remove fo,” and the 
answer is readily found to be “un”’ by sev- 
eral methods, e.g., directional counting, 
reference to the addition table, and addi- 
tion to the number being removed. All of 
these methods will emphasize and rein- 
force desired ideas about number sys- 
tems. 

What if more is to be “removed” than 
is present? After consideration of this 
problem, Wwe can agree upon an extension 
of our number system and a type of nota- 
tion that will satisfy our requirements. 
Suppose the symbols in Figure 10 are the 


1,N,M,& 


symbols for this extension. We can explore 
this as far as we like, perhaps calling our 
original system “right”? numbers and the 
new system “left”? numbers. 
Now we may be ready for another as- 
signment: 
7. Complete an “and” table from 
“oh” to “fi”. 
8. Write the symbols in Figure 11 in 
words. 


A. && 
8. &NMOIIN 
c. MOl 


Figure 11 


9. Perform the following “ands” (Fig. 
12): 


Figure 12 


10 AND & 

Ni AND IM 

AND MO! 

M& AND IM 

11& AND &NO AND M&& 


10. Devise a symbol for “and”’. 
11. Devise a symbol for “‘remove’’. 
12. Perform these removals (Fig. 13): 


FROM REMOVE &- 

” 1.4 IN. 
&MIi Mio. 
" 
MO! NM&. 
& REMOVE 10. 
IN 1a. 
MIO &Mi. 
NM& MOl. 


Figure 13 


13. Make a comparison of “‘and’”’ prob- 
lems in the “fi” system to those of 
‘addition in the decimal system. 
Discuss the advantages one system 
may have over the other. 

. Consider the problems of ‘‘anding”’ 
and “removal” of either left or right 
numbers in any order. Can you de- 
vise some satisfactory rules for this 
that we can agree upon? 

According to the amount of time you 
wish to spend and the apparent value your 
students may be receiving, you can con- 
tinue on to other ideas. 

Is it possible that often we shall have to 
find the result of the repeated “anding” of 
a specific group size, such as “fo’”’ groups 
of “tre’’? Is there any way of doing this 
without counting “tre” “fo’’ times along 
the number scale? Or referring “fo” times 
to the “‘and”’ table? 

Some student may come up with the 
idea of another table, and since we are 
always taking groups of a certain size, let’s 
call this the ‘‘of” table. 

Figure 14 


“OF” TABLE 


iv) N 
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A. 
8. 
D. 
E. 
F. 
G. 
H. 
1. 
J. 
as Figure 10 
2 
| 
A. 
Cc. 
: 
aL | 
H 


As soon as the class has reasonably 


mastered the “‘of’s’’, then we can give some 
thought to the reverse process, after il- 
lustrating the need with an example, such 


as many ‘ughs’ 


of steak for each of 


‘fo’ families, in a dinosaur leg weighing 
‘tre fi un “ughs’’’?”’ On our number scale, 
we can start from ‘oh’ and repeatedly 


count ‘fo’ until we reach 


“mi’’; we can 


count in reverse fashion; we can refer to 
our “and” table, ‘‘anding” until we reach 


mi’ 


’; or we can use the “‘of”’ table to find 


- the answer to be “fo ‘ughs’”’. Since this 
operation is almost always in answer to a 


question of the type, 


“How many a’s in 


b?”’, let’s call it the ‘“‘in’s” operation, and 
define the result as x in “x of a=b.” 
The next assignment might include such 


exercises as these: 


15. Complete the 
to &. 


“of” table from © 


What apparent advantages does 


either have? 
21. Devise an “of” and an “in” al- 
gorithm for long ‘‘of’s’”’ and “‘in’s’’ 


22. 


sh 


(not using the present method of 
the decimal system). 

Could every number in the “fi” 
system be represented by a pair of 
numbers? 

Some of the obvious things that could or 
ould have happened by now are: 


discovery or verification (but not proof!) of 
commutative— 


a+b=b+a and ab=ba, 
associative— 
a+(b+c) =(a+b) +c and a(be) =(ab)c, 
and distributive laws— 
a(b+c) =ab+ac. 


. discussion of the properties of “‘oh” and “un” 


as identity elements of addition and multipli- 
cation. 


. discussion of the closed properties of right 


and left systems. 


. discussion of the effects of operations with 


mixed right and left numbers. 


. questioning by some student about the in 


operation where the result is not ‘even,’ 
e.g., found on the “of” table. This might 
create the need for a new system of numbers 
(perhaps “in” numbers would be appropri- 
ate), and probably we could continue on from 
there, if there seemed justification. Further 
work should probably be left to the curiosity 
and interest of individual students. 


. emphasis throughout on the idea of “agree- 


ments” being made, and on the important 
role “agreements” play in the development 
of a mathematical system: 


As a result of these needs came these agreements 

1. expression of quantit a method of ting 

2. overcoming physical lim- counting by special groups of 
its certain size 

3. communicating over time words for numbers and groups 
and distance 

4. ease of writing and calcu- number symbols 
lation 

5. larger numbers and ease place value and sero 
of calculation 

6. bining and r memorization of table (not ex- 
groups in quicker ts actly an agreement in the same 

tion sense as the others—but a nec- 


~_ 


essary understanding between 
parties when rapi 
tions are 


. multiplication and divi- see agreement for 6 


sion 


16. 
B. N&OF IS 
C. IMA OF HO IS —_. 
D. NOOOFIONIS —_. 
€. OF MOBIS __. 
F. HOW MUCH IS & OF 10 ? 
G. » IN OF N& ? 
H. " OF ? 
“ INO OF NOOP 
“ “ MIN OF &1&0? 
17. 
A. HOW MANY NIN II ? 
8. 10 IN 100? 
Cc. M IN MOP 
IN MMM? 
E. N IN TIN? 
F. HOW MANY & IN MI ? 
G. INE 
H. NO IN &NO?P 
IN IN 1OM ? 
IN 
18. Invent a symbol for “of”. 
19. Invent a symbol for “in” or “how 
many in”. 
20. Discuss the characteristics of the 


“fi? system in comparison with the 
decimal system in the repeated 
addition and subtraction processes. 


subtraction of numbers 
larger than minuend 
division that has no an- 
swer in multiplication 
table 


2 2 


thoad. 


extension of number system to 
negatives or “‘left’’ numbers 
extension of number system to 
fractions or “in” num 


10. improved for 
more rapid calculation 
with large numbers. 
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t & 
ods for working with larger 


numbers. 


. & conviction that the ‘fi’ system is more 
logical than the decimal system in its struc- 
ture of name and value, and that it is simpler 
—requiring far less memorization. However, 
with larger numbers the number of symbols 
required is perhaps excessive (although the 
number of written letters is usually fewer). 

. the realization that all number systems have 
similar properties (there is nothing sacred 
about the decimal system), other ancient 
number systems being equally useful, and the 
modern binary and octal systems being more 
useful in special applications. 
the frequent repetition of the question, 
“Why are we doing this?’’ A possible answer 
might be that biologists, doctors, and psy- 
chologists study animals to learn about men, 
and astronomers study stars to learn about 
the earth. Sometimes one can effectively 
learn about things close and familiar by 
studying the strange, the distant, and yet the 
similar. We don’t want to fall into the trap 
of not seeing the forest for the trees, of taking 
things too much for granted. The teacher will, 
of course, mention applications of different 
number systems used in connection with 
modern computing methods. 

j. challenges that can be issued such as: 
1. Devise new algorithms for the operations 
of the decimal system. 
2. Devise a number system of your own. 


3. Investigate the binary system, its appli- 
cations, special properties, sample prob- 
lems. 

. Investigate how Romans may have per- 
formed the various operations, and devise 
algorithms for the common operations. 
Devise a fraction notation for the ‘fi’ 
system. Discuss the properties of ‘“‘ficimal’’ 
fractions and devise a notation for them. 


I repeat, no claims or guarantees are 
offered. Can one become better at English 
by the study of a foreign language? Some 
will so maintain. I maintain only that the 
challenges to originality and pure intel- 
lectual exercise are few enough, that these 
ideas provide a great challenge, yet are 
within the capabilities of a great range of 
students and are not devoid of humor, and 
that the odds are pretty fair in favor of 
some real growth in appreciation of the 
evolution of our number systems and in 
a better understanding of them. If you 
agree with this proposition and want to 
try something that’s fun and a little differ- 
ent, why not try the “fi” system? 


New York City schools meet challenge 


A significant study of New York City’s June 
1956 senior class of 27,756 young people (ap- 
proximately 5% of the total U. 8. school popu- 
lation) has been made by Samuel Schenberg, of 
the Board of Education. The investigation was 
undertaken to determine the extent to which 
high school students are studying science and 
mathematics, how many of those who plan to 
attend college hope to specialize in science or 
engineering, and whether homogeneous grouping 
of able students with an interest in these areas 
stimulates them to specialize. 

His 32-page report indicates that 42% of the 
college-bound senior boys and girls in the aca- 
demic and technical curricula wished to special- 
ize in science. Girls chose pure science first and 
boys chose engineering, with pure science 
second. Extremely small percentages were inter- 
ested in teaching science or mathematics. The 
data show a strong probablitity that the selec- 
tion of careers as scientists and engineers in- 
creases in the ratio of 1:4:8 with the completion 
of two, three, and four years of science, respec- 
tively. In New York’s three science high schools, 
containing 15.3% of all seniors enrolled in aca- 
demic high schools, 93.2% of the boys and 
98.5% of the girls planned to go to college, as 
against 87.5% and 78.3% in all other academic 
high schools. Of these, 82.0% of the boys ex- 
pected to enter careers in science and 61.3% of 


the girls, as against 53.8% and 23.4%. The per- 
centage of girls in the huge Bronx High School 
of Science who indicated an interest in speciali- 
zation was nearly three times the percentage of 
girls showing such an interest in the city as a 
whole. 

Mr. Schenberg offers five courses of action 
suggested by the data: 


1. More comprehensive educational and vo- 

cational guidance programs, staffed with 
trained guidance counselors, and an ade- 
quate testing service to identify the most 
able students. 
Homogeneous grouping of students with 
special interest in, and aptitudes for, 
science and mathematics, in special 
classes and special science high schools. 

3. Effective guidance in the area of scientific 
-areers for girls. 

. A minimum of three years of science and 
three years of mathematics for all college 
preparatory students. 

. A corps of “well-trained, highly profes- 
sional and interested teachers of science 
and mathematics,” with higher status and 
pay.— Taken from Engineering and Scien- 
tific Manpower Newsletter, Octobe® 25, 
1957. 


462 The Mathematies Teacher | October, 1958 


4 


A note concerning 


the construction of /n 


ROBERT A. OESTERLE, Purdue University, Lafayette, Indiana. 
Irrational numbers deserve more attention 


than they usually get in high school. 


You may wish to try the methods suggested in this article. 


A FAMILIAR TALE is that of the perifidious 
Pythagorean who disclosed the existence 
of the “unspeakable”’ numbers to the un- 
initiated and as a consequence was ostra- 
cized by the society. That perfidy is by 
no means confined to indiscretions of 
mathematicians during Pythagoras’ time 
is evident as one considers the following 
definitions taken from a standard sec- 
ondary school algebra text: 

Integers are whole numbers. 


An integral expression in algebra is one that 
does not have in it any fractions with literal 
numbers in the denominator. 


A surd, or irrational number, is the indicated 
root of a positive number of which the root can- 
not be expressed by an integer or integral ex- 
pression. 


Using these definitions a student logi- 
cally concludes that 


25a? 

a>O and rational, is an irrational num- 
ber, since the principal root, 7/5a, is 
neither an integral expression nor an inte- 
ger. Attempting to utilize these definitions 
in relation to ~/—29 is futile, since the 
third definition states explicitly that an 
irrational root is the “indicated root of a 
positive number... .” 

The frequently seen and heard state- 
ment that irrational numbers are numbers 
whose roots cannot be found exactly is 
perhaps more fallacious than the quoted 


definitions, for any irrational number may 
be represented precisely and exactly by 
using symbols such as 3, ~/—7, ~/10, 
m, e, ete. Certainly the precision of such 
symbolism has little to recommend it in 
utilitarian applications, but the student 
should be aware of the fact that these are 
exact representations. Practical application 
generally demands an approximation of 
these values within the set of rational 
numbers, but such application in no way 
infringes upon the exactness of the original 
representation. 

It is an encouraging trend, which is evi- 
dent as one peruses the recent texts for 
high school algebra, that many authors 
have devoted a number of pages to the 
nature of numbers. The geometrical 
representation of the rationals as points 
on the number line is developed to a 
limited extent, but few writers carry the 
representation to the place necessary for 
the student to gain an intuitive realiza- 
tion that the set of rational numbers is 
everywhere dense. One text, however, 
does state: 

Early in your study of algebra you learned to 
represent rational numbers as points on a linear 
scale. But no matter how much you subdivide 


a unit on such a scale, points always remain for 
which there are no rational numbers.! 


An anomaly enters the discussion at 
this point as the writers go on to assert: 


1 Julius Freilich, et al., Algebra for Problem Solving, 
Book 2 (Boston: Houghton Mifflin Company, 1957), p. 
199. 
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It is possible to find a length which exactly 
represents an irrational number,’ even though it 
is not possible to find the exact value of such a 
number. 


More appropriately and correctly, this 
sentence should conclude with the clause: 
“.. even though it is not possible to ex- 
press the exact value as the quotient of 
two integers.”” The use of exactness to de- 
scribe constructed line segments is of 
course assumed to imply theoretical ex- 
actness, since no measurement is exact.* 
The construction of a few of the irrational 
numbers is, however, a noteworthy fea- 
ture of this text, and it provides the moti- 
vation for the following remarks concern- 
ing the construction of line segments that 
represent irrational numbers of the type 
Vn, when n is a positive integer, and 
vp/q, when p and q are integers, 

The construction described by Freilich* 
depends upon successive utilization of 
previously constructed irrational numbers 
as shown in Figure 1. Obviously, if one 
wishes to construct a line segment of 
length 4/59, it is not necessary to begin 
with the isosceles right triangle with legs 
of unit length. A right triangle with legs 
of 7 and 3 may be constructed, and +/59 
constructed using the hypotenuse of this 
triangle. 


Figure 1 


? The use of “‘an”’ seems unfortunate, since most of 
the irrational numbers cannot be constructed using 
only ruler and compass. The classic example is 9/2. 

3 Lawrence A. Ringenberg, A Portrait of 2 (Wash- 
ington: National Council of Teachers of Mathematics, 
1956), p. 21. 

‘ Freilich, op. cit., p. 199. 


Classically, the construction of /n is 
accomplished as depicted in Figure 2. 
With diameter n+1, circle O is con- 
structed. With |AP|=n and |PC| =1, 
PQ is constructed perpendicular to AC. 
Since AQC is a right triangle, 


1 
|QP|?=n, and |QP| 


Figure 2 


Certain minor disadvantages are in- 
herent in these approaches. If one wishes 
to place the irrational numbers on the 
number axis, the method indicated in 
Figure 1 frequently necessitates succes- 
sive constructions that multiply errors. 
The proof of the method shown in Figure 
2 demands some knowledge of similar tri- 
angles, and as a consequence generally 
cannot be proved in the first course in 
algebra. 

While no claim is made that the follow- 
ing construction is original, the writer has 
been unable to find it in standard texts 
and believes that it merits consideration. 
After successive constructions of right 
triangles with hypotenuse 2 units, leg 1 
unit; hypotenuse 3, leg 2; hypotenuse 4, 
leg 3, etc., it becomes intuitively evident 
that the identity 


is applicable to the proposed problem of 
constructing »/n. Thus, to construct Wn 
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Figure 4 


on the number axis, measure from the ori- 
gin of the co-ordinate axis (n—1)/2 units 
on the y axis. The are (Figure 3), with 
radius (n+1)/2 and center at P, inter- 
sects the x axis at the point Q; 0Q| = Vn. 

As an example, consider the construc- 
tion of 1/11 as shown in Figure 4. 


This technique is obviously extendable, 
since the identity holds for all n, to the 
construction of the square root of any 
positive rational number: Wp/q, p and q 
integers, g¥0. In this case the identity 
may be transformed to 


- 
2q q 

In Figure 5, to construct 1/13/7, let 
p=13, g=7. 


1 A 
2q 2q 
q 7 


The discerning student will soon notice 
the existence of the subsidiary identity 
which pertains to Pythagorean problems 
of the type under consideration: 

n+1 n-1 
——— 


Thus, giver a right triangle with hy- 
potenuse 48, leg 47; then 
-=48 


2 


47, n=95, 


and the unknown leg has measure ./95 
units. 

Pedagogically, the method of construc- 
tion presented in this note provides: (1) 
an opportunity for students to observe or 
preferably discover an application of in- 
ductive reasoning within the scope of 
their mathematical maturity, (2) an il- 
lustration of the functional application of 
an identity, (3) a means of extending the 
students’ understanding of the set of real 
numbers, and (4) an example of the inter- 
relationship between algebra and geom- 


etry. 
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“Old tyme fractions 


L. CLARK LAY, Pasadena City College, Pasadena, California. 


We should teach our students to search for patterns. 


This article describes how to conduct such a search 


THE USE OF FRACTIONS goes back to the 
very early mathematical records. The 
Egyptian scribe Ahmése, when writing at 
about 1700 B.c., gave rules for their use 
that had been developed over centuries. 
The Egyptian idea of a fraction was based 


1 
on the type —, or the nth part. By plac- 


n 
ing a special mark with their symbol for 
any integer, such as for 7, it then stood 


for — - These so-called unit fractions seem 
to have been used exclusively, the only 
known exceptions being a different way of 

2 3 
treating — and — - 
3 4 
We can only guess at the problems the 
Egyptian schoolboy was asked to do, but 
one such might have been the following: 
Given an integer n, to find two other 
integers x and y such that 


For n=2 we find that -=-+-—.- This 
244 


is not the only solution, however, since it 


1 1 
is also true that -=—+— - 


in an interesting historical contezt. 


i 
For n=3 it turns out that -=—+-— and 
3.6 6 


also that 
3 4 12 

The search for all possible representa- 
tions of a given unit fraction as a sum of 
two such fractions makes an interesting 
problem. A solution was given in a note in 
The Mathematics Student Journal.' The 
author has found this problem particu- 
larly valuable for student research, since 
a minimum of skill is required to uncover 
a great variety of patterns and relations. 
Thus the reader has probably already 
noticed that 


and that 
—=-+- and -=-+ 
& 3 4 


can be obtained from 


l 


n 


+1 n(n+1)_ 


! William E. Briggs, ‘‘On a Diophantine Problem,” 
The Mathematics Student Journal, Il (December 
1956), 2. 


n 
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i 

4 A 
4 
and —-=-+- 
244 3.6 6 5 
are particular instances of 
n 2n 2n 
ney 


The identity symbol of = is used be- 
cause these equations hold for all values 
of n. (Except, of course, those that give a 
zero denominator. ) 

It is suggested that students determine 
all such expansions as above for the unit 

fractions cst a and on at least to 


- This can be done by trial and error 
10 
alone, with the main value to be gained 
from search for algebraic identities to add 
to the two given above. Here are some 
questions to stimulate the student’s think- 
ing: 
1. In making an experimental search, just 
what combinations must be tried? Thus 


for — the search for an integer succeeds 
3 


with —=-—-+-, but fails for — 
7 3 


« 


and succeeds again for We 
need look no further. Why? 

2. How is the number of representations 
limited if n is a prime number? 

3. If nis not a prime, how can the knowl- 
edge of its prime divisors be used? 

4. Can you see why more than one iden- 
tity can be constructed from which a 
certain result can be derived? 


— with 
15 
l 


n(2n4+1)  (n+1)(2n+1) 


Example: Compare -=—-+ 


n(n+1) 
for n=2, and with 


m(m?— 1) m(m?+m 


1 


5. Can you devise one or more general 
formulas which include all your results 
as special cases? 


Given an integer ”, then if integers x 
and y are sought such that 
-= 
we may select x from the set 2n—k where 
O0sk<n. This follows, since if 


byt 
->3(-), then 
x 2\n 


A systematic search can, therefore, be 
based on the identity 


1 k 


= + ; 
n 2n—k n(2n—k) 


where we demand that the numerator of 
the last fraction be an exact divisor of the 
denominator. 

This reveals why only two representa- 
tions are possible when n is a prime, for it 
can be shown that if p and k are integers 
and p is a prime, then p—k divides 
p(2p—k) if, and only if, k=0, or k=p—1. 

It is often possible to learn most from 

our failures. Thus when we get = 


we see that we can then write 


l 


The 2, 3, and 5 seem to be noteworthy: 
what we have is an instance of 


1 
ab a(a+b) b(a+b) 


This last observation gives some insight: 
into the structure of this problem, for if d 
is any integral divisor of n we have 


1 1 


(d) 7 (« (“) 
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] 
— 
<-{-}. 
2\n 
| 
(2)(3) (2)(5)  (3){5) 
| 
| 
for m=2. 
| 
| | 


1 1 
Some results, such as -=-—+—, show 
46 2 


all three denominators having a common 
divisor greater than unity. For these try 


l 1 


The unlimited possibility for construct- 
ing identities is seen when one observes 


that 
l 1 1 
ab a(a+b) b(a+b) 


can be made an identity in one variable by 
setting b equal to any function of a. That 
is, 


1 1 1 


@y@+d) 
Thus 


10 14 35 


1 1 1 


Qa 


suggests 


] l 
= + 
n(2n+1) n(3n+1) (2n+1)(3n+1) 


for n=2; 


l 
m(m?+1) ~ m(m?+m+1) 


— 

(m?+1)(m?+m-+1) 
for m=2; ete. 

Those students who enjoy working with 
algebraic patterns like these are likely to 
be interested in a branch of mathematics 
called the Theory of Numbers. Several 
excellent books on this subject have been 
published recently. They include Helen 
Griffin’s Elementary Theory of Numbers 
(New York: McGraw-Hill, 1954), B. W. 
Jones’s The Theory of Numbers (New 
York: Rinehart, 1955), Oystein Ore’s 
Number Theory and Its History (New 
York: McGraw-Hill, 1948), and B. M. 
Stewart’s Theory of Numbers (New York: 
Macmillan, 1952). 


Alice in Wonderland 


“ .. still the Queen kept erying ‘Faster! 
Faster!’, but Alice felt she could not go faster, 
though she had no breath left to say so. However 
fast they went they never seemed to pass any- 
thing. 

“*Well, in our country,’ said Alice, still 
panting a little, ‘you’d generally get to some- 
where else—if you ran very fast for a long time 
as we’ve been doing.’ 
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“A slow sort of country,’ said the Queen. 
‘Now here, you see, it takes all the running you 
can do, to keep in the same place. If you want 
to get somewhere else, you must run at least 
twice as fast as that.’ ”’ 


Editor's Note: Quoted because mathematics 
teachers these days can appreciate Alice’s position. 


— | 
A 
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@ HISTORICALLY SPEAKING, — 


Edited by Howard Eves, University of Maine, Orono, Maine 


A history of computers, I 


by Jules A. Larrivee, Lockheed Aircraft Corporation, Burbank, California 


INTRODUCTION 


Computing devices became necessary 
when men realized the need to count 
and measure. These two methods of com- 
puting form the basis for classifying com- 
puters as digital or analog. The digital 
computer operates on numbers expressed 
in some form of digital notation, and 
counts in discrete steps. The analog com- 
puter represents numbers in terms of some 
physical quantity such as length, voltage, 
pressure, etc., and operates continuously 
to obtain measurements which, when ad- 
justed for proper scale factors, give the 
required result. 

Examples of digital computers are the 
abacus, adding and calculating machines, 
and high-speed electronic digital com- 
puters. Graphs, charts, nomograms, slide 
rules, differential analyzers, and planim- 
eters are analog computers. 

Problems create the need for com- 
puters. Thus the abacus was developed to 
solve the arithmetical problems which 
arose in trade many centuries ago in 
Egypt, Greece, and the Far East. Planim- 
eters were built to calculate the areas 
bounded by closed plane curves which 
could not be obtained by the methods of 
the calculus. Often computers introduce 
new problems or suggest new approaches 
to old ones. High-speed digital computers 
have made necessary a more profound 
study of the methods of numerical anal- 
ysis, with correspondingly greater em- 
phasis placed on a knowledge of the gen- 
eration and propagation of errors. 


THE ABACUS 


Originally, the abacus was an early de- 
vice for tracing numbers on a dust-covered 
board. The earliest Greeks, in common 
with the Egyptians and Eastern peoples, 
used pebbles as counters in calculating (L. 
calculus, a pebble). Later, counters were 
made of metal, ivory, or colored glass, and 
were strung on wooden rods enclosed in a 
frame. A vertical rod was usually inserted, 
intersecting the horizontal rows of coun- 
ters and separating them into two sets. In 
one form of the abacus there are two 
counters in one set and five in the other, 
the counters in the first set being equal in 
value to five times those in the other. 

In China, a form of the abacus using 
bamboo rods in place of counters was 
known as early as the sixth century before 
Christ. The abacus in an improved form 
is still used in China under the name of 
swan-pan, and a similar instrument in 
Japan has the name of soroban. In‘ the 
hands of a skilled operator, such a com- 
puter can equal and even surpass the per- 
formance of a modern desk calculator, as 
was shown in an experiment several years 
ago. 


LOGARITHMS AND THE SLIDE RULE 


The invention of logarithms by John 
Napier (1550-1617), Baron of Merchiston, 
gave a great impetus to the art of comput- 
ing. Later, Henry Briggs (1561-1631) 
modified Napier’s original formulation and 
adapted logarithms to the base ten of our 
numerical scale. By such means, long and 
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tedious multiplications and divisions were 
reduced to additions and subtractions. 
Logarithms were of immeasurable as- 
sistance in astronomy and navigation; 
many of the basic relations in these sub- 
jects were rewritten to adapt them to log- 
arithmic calculation. 

Using the basic properties of logarithms, 
William Oughtred (1574-1660) invented 
the slide rule. His first rule was a circular 
one, the familiar rectilinear rule being 
first described in a work published in 
1632. Many improvements have been 
made in the design and construction of 
slide rules, and today there are special 
scales and rules for particular types of 
problems. Within the limit of precision 
obtainable, the slide rule provides a rapid 
and easy means for performing the arith- 
metical operations required in the solu- 
tion of scientific and engineering problems. 


ADDING AND CALCULATING MACHINES 


After the improvements in the abacus, 
no new digital device was invented until 
near the middle oi the seventeenth cen- 
tury. In 1642, at the age of nineteen, 
Blaise Pascal] (1623-1662) built an adding 
machine. The machine was mounted in a 
box, and horizontal wheels in front could 
be advanced one-tenth to nine-tenths of a 
complete turn. This movement was com- 
municated to “‘figure-wheels,”’ each bear- 
ing the numbers 0 to 9. A carrying device 
was provided so that the movement of a 
figure-wheel from 9 to 0 caused the next 
figure-wheel to the left to move through 
one-tenth of a revolution. The result was 
read through holes in the cover which dis- 
played the uppermost figure on each fig- 
ure-wheel. In England, in 1666, Sir Sam- 
uel Morland also built an adding machine, 
but without the tens-carrying device; the 
numbers to be carried were registered on 
small counter disks. In 1671, Gottfried 
Wilhelm von Leibniz (1646-1716) con- 
ceived the idea of a multiplying machine, 
regarding multiplication as repeated addi- 
tion. His first complete machine was con- 
structed in 1694. Leibniz introduced the 
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“stepped-wheel,”” a wheel having teeth 
of varying lengths to represent the digits 
from 0 to 9. 

During the eighteenth century there 
were many who worked on the design and 
construction of calculating machines. One 
of the main difficulties encountered was 
the high degree of accuracy necessary to 
make various parts, such as, for example, 
wheel teeth. Thus not only must the basic 
idea for such a machine be available, but 
the state of technology must be far enough 
advanced to produce parts of the required 
precision. As machines have become more 
complex, it has become necessary to em- 
ploy specialists to fabricate the various 
components. And this has brought about 
a further complication, namely the need 
for outside capital. In the days of Pascal 
and Leibniz, one man could conceive such 
a machine, and design and build it him- 
self. Nowadays the necessity for outside 
capital, among other things, has made such 
an undertaking impossible for one man. 

The first successful calculating machine 
manufactured on a commercial scale was 
built by Charles Xavier Thomas of Colmar 
in Alsace in 1820. By setting pointers on a 
cover plate to one of the digits 0 to 9, a 
small pinion was caused to slide along an 
axle. Through a bevel wheel on the main 
shaft, this pinion was rotated through as 
many teeth as the digit set by the pointer. 

The amount of rotation was then trans- 
mitted to a “result figure-wheel” on a 
hinged plate which also carried a wheel 
indicating the number of turns made by 
the driving crank. A lever at the top per- 
mitted the selection of ‘addition and 

multiplication” or “subtraction and divi- 

sion.”” The manufacture of the ‘“Arith- 

mometer” by Arthur Burkhardt in 1878 

marked the beginning of the German cal- 

culating machine industry. 

The first change from the Leibniz 
stepped-wheel was made in 1872 by Frank 
S. Baldwin, who patented a machine in 
which use was made of a wheel from whose 
periphery a variable number of teeth (0 to 
9) protruded. A more compact design was 
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made by W. T. Odhner, and machines of 
this type are available today. 

The first key-driven machine was in- 
vented by D. D. Parmalee in 1850; and 
in 1887 Dorr Eugene Felt brought out the 
Comptometer, which is still widely used. 
KE. D. Barbour combined a printing device 
with an adding machine, and about twenty 
years later, in 1890, the first practical 
adding and listing machines were intro- 
duced by D. E. Felt and W.S. Burroughs. 

By incorporating a multiplication table 
in a calculating machine, Léon Bollée, in 
1887, was able to perform multiplication 
in one operation rather than as repeated 
addition. The ‘Millionaire’ calculating 
machine, manufactured by O. Steiger in 
1893, made use of this idea. 

In 1911, Jay 8S. Monroe and F. 8. Bald- 
win brought out the first Monroe calcu- 
lating machine. The original models were 
operated by a hand crank for adding and 
a hand lever for shifting in multiplication. 
The direction of rotation of the crank was 
reversed for subtraction. The introduction 
of electric drives in place of hand cranks 
has increased the speed of operation, and 
the modern version of the calculating 
machine in the United States is highly 
automatic. One recent model will perform 
the operation of taking square root auto- 
matically. Nonprinting calculators manu- 
factured in the United States include 
Friden, Marchant, and Monroe. 

The machines described above were de- 
signed and built with commercial ap- 
plications in mind. Their use in the solu- 
tion of scientific and engineering problems 
was a later development. Bookkeeping 
machines have several ‘‘registers,’’ and it 
is possible to transfer information from 
one register to another. The possibility 
of using such machines for subtabulation 
and differencing was realized by L. J. 
Comrie of the British Nautical Almanac 
Office. 


PLANIMETERS AND INTEGRAPHS 


One of the fundamental problems en- 
countered in engineering practice is that 


of finding the area bounded by a closed 
plane curve. About 1815, a Bavarian en- 
gineer, J. H. Hermann, invented a device 
called a planimeter for performing this 
calculation. The rate of rotation of a wheel 
on a cone was determined by the distance 
of a pointer from a fixed center. The 
pointer was made to follow the curve. 
Later a disk replaced the cone, and many 
variations of the original design soon ap- 
peared. 

The most popular planimeter was in- 
vented by Jacob Amsler in 1854, and is 
called the polar planimeter. An even 
simpler version is the hatchet planimeter 
of Captain Prytz, which he first built in 
1857. Both ends of a bar are bent, one end 
being formed into a hatchetlike edge and 
the other into a point. The point is moved 
along the curve, dragging the hatchet edge 
as it moves. The difference in direction in 
which the bar points before and after 
making the circuit of the curve gives a 
measure of the area. 

Abdank Abakanowicz in 1874, and C. 
V. Boys in 1890, independently invented 
the integraph, a device which draws the 
integral of an arbitrary function plotted 
to a suitable scale on paper. This device 
can be used to solve some types of dif- 
ferential equations. 


DIFFERENTIAL ANALYZERS 


To solve differential equations by me- 
chanical or electrical means, it is neces- 
sary to have an equivalent of the process 
of integration. Adopting an idea first 
proposed by J. J. Thomson, Vannevar 
Bush in 1927 constructed an integrator 
using a disk rolling on a wheel. The “Dif- 
ferential Analyzer,” as the completed 
machine was called, could solve nonlinear 
as well as linear differential equations, and 
through proper use of integrators could be 
used to generate functions by means of 
the differential equations which define 
them. Auxiliary equipment was built in, 
such as input and output tables, and 
special gear boxes; later developments in- 
cluded the addition of electrical controls. 
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The variables occurring in the problems 
were represented by shaft rotations. 

The mechanical differential analyzer 
has been largely supplanted by the elec- 
tronic differential analyzer. The basic 
component is the operational amplifier 
which, when properly connected with 
resistors and capacitors, can serve as an 
integrator, an adder, or a sign changer. 
The variables occurring in the problems 
are represented by voltages. By the use of 
potentiometers, multiplication by a con- 
stant can be effected. For the multiplica- 
tion of variable quantities, use is made 
either of servo multipliers or electronic 
multipliers. Limiters are used for the rep- 
resentation of discontinuous functions, 
such as coulomb friction. Function gen- 
erators of many types are available. One 
of the accessories is a curve plotter which 
automatically traces the solution curve on 
graph paper. The accuracy of such a com- 
puter is clearly limited by the tolerances 
of its component parts. Computers of this 
type have been used in the aircraft in- 
dustry for a long time in the study of 
vibration and flutter, and as simulators. 
They have also been used in the study of 
control systems and as adjuncts to high- 
speed digital computers. 


OTHER ANALOG COMPUTERS 


Formulating differential equations in 
terms of finite difference approximations 
has been the starting point for building re- 
sistance networks to serve as analog com- 
puters for finding solutions to such equa- 
tions. G. Liebman, in England, has dem- 
onstrated the usefulness of such computers 
in solving boundary-value problems in 
mathematical physics. A similar concept 
using a network of resistors and capacitors 
led to the building of the Heat and Mass 
Flow Analyzer by V. Paschkis of Colum- 
bia University. By means of such a net- 
work, thermal problems, such as the 
heat flow through an insulated pipe, have 
been solved in a matter of seconds. If the 
measurements of heat flow had been made 
on the actual physical system, it would 
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have taken days or months to complete 
the solution of the problem. 

Electrolytic tanks, conducting sheets, 
membranes, and sand-heaps are among the 
many other types of analog computers 
which have been constructed for the pur- 
pose of solving particular problems. Many 
special devices have been built to serve as 
function generators, as delay-time simu- 
lators, and to represent discontinuous 
functions of various types. 

Network analyzers, so-called because 
they were originally built for solving prob- 
lems in power transmission, have found 
wider application in the solution of linear 
simultaneous algebraic equations. Linear 
equation solvers are available commer- 
cially. 

Problems originally thought solvable by 
analog methods alone have since been 
found to be adaptable to digital methods. 
This change has been brought about by 
higher speeds in digital computers and 
partly by advances in the methods of 
numerical analysis. 


BABBAGE 


About 1812, Charles Babbage (1792- 
1871), an Englishman, started work on 
the project of building an automatic com- 
puter. The idea was perhaps suggested to 
him by watching the operation of a 
Jacquard loom where tue pattern to be 
woven is controlled by means of holes 
punched in cards. 

Babbage’s first venture was the con- 
struction of a “Difference Engine.” If a 
series of values in consecutive order is 
taken from a table of sines or logarithms 
and differenced by subtracting each value 
from the one immediately following it, 
another series of values is obtained called 
the first differences of the original values. 
If this procedure is applied to the set of 
first differences, a set of second differences 
is obtained, and so on. It will be found 
that for functions such as sines, cosines, 
and logarithms, differences of sufficiently 
high order are constant or nearly so. 
Babbage’s idea was to start from the 
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constant differences and by repeated addi- 
tion reproduce the function values. By 
1822 he had constructed a working model. 
At about this time the British government 
agreed to finance the building of a full- 
sized difference engine. Not only did 
Babbage have to design the engine itself, 
but often the tools needed to make the 
parts. Though Babbage lived at the be- 
ginning of the Industrial Revolution, the 
consummation of his ideas in the high- 
speed electronic digital computer may be 
said to have ushered in a Second Industrial 
Revolution. 

The Difference Engine in no way rep- 
resented the extent of Babbage’s imagi- 
nation. He conceived of a machine which 
he called an “Analytic Engine,” which, if 
it had been built, would have included 
many of the most modern ideas in digital 
computers. In addition to being able to 
add and print, the computer was to 
multiply, divide, call for new data from 
the operator, and do many of the things 
that a human operator would be called 
upon to do. The input was to be made by 
punched cards, and’ Babbage devised a 
code in which to express not only the 
numbers to be operated upon but also 
the instructions to the computer. 


66,99 


An “a” for an “i 


The Analytical Engine was never com- 
pleted, partly because of difficulties en- 
countered in the making of high precision 
parts and partly because of the with- 
drawal of financial support by the British 
government. At least two complete dif- 
ferent engines were built. One of these, 
built by George Scheutz and Son of 
Sweden, was originally located at the 
Dudley Observatory in Albany. Later it 
was acquired by Felt and Tarrant, and is 
now on display at 1735 North Pauling 
Street, Chicago. 


PUNCHED CARD COMPUTERS 


Babbage’s ideas were not put to use 
until many years after the original ven- 
ture failed. In 1890, Herman Hollerith, an 
employee of the Census Bureau, invented 
a tabulating machine operating by means 
of holes punched in cards. The presence or 
absence of a hole in a particular location 
on a card was tested by a sensing device 
which in turn operated a clutch. The 
punched card computers made by Inter- 
national Business Machines and Reming- 
ton Rand are adaptations of the basic 
Hollerith principle. 


[T’o be concluded in the next issue.] 


by Rev. Dare Morgan, S.J., St. Ignatius High School, San Francisco, California 


The intensified mathematics program in 
high school will introduce many students 
to the great mathematician of the seven- 
teenth century, Francesco Cavalieri (1598— 
1647), whose principle of indivisibles is 
one of the important gateways leading to 
the integral calculus. In the printed ac- 
count of Cavalieri’s life there is a per- 
sistent error—not of a mathematical 
nature—that appears in some of the major 


encyclopedias! and source books,” with one 
or two exceptions.’ It is the statement that 
Cavalieri was a Jesuit. The truth is that 


1 Encyclopaedia Brittanica, vol. V, p. 66; Encyclo- 
pedia Americana, vol. VI, p. 137. 

2 F. Cajori, History of Mathematics (New York: 
Maemillan Co., 1938), p. 160; D. E. Smith, History of 
Mathematics (Boston: Ginn & Co., 1923), p. 362. 

2D. E. Smith, Source Book of Mathematics (New 
York: McGraw-Hill Book Co., 2d impression, 1929), 
p. 605; Catholic Encyclopedia (New York: Robert 
Appleton Co., 1908), vol. III, p. 468. 
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Cavalieri was not a Jesuit but a /esuat. 
The religious Congregation known as 
the Jesuats—which was in no way related 
to the Jesuit Order—was founded by 
Blessed John Colombini of Siena in the 
fourteenth century and approved by 
Pope Urban V in 1367. Their original work 
included the care of the sick, especially 
the plague-stricken, and the burial of the 
dead.* However, with the passage of years 
the Jesuats diminished in numbers to the 
point where an attempt at revival was 
made necessary in 1606.5 A few years later 
Cavalieri, at the age of fifteen, was re- 
ceived as a member. After completing his 
studies, he taught theology for a short 
time, but his talent for mathematics was 


4 Cath. Encyel., vol. VIII, p. 458. 

5 Butler's Lives of the Saints, ed. H. Thurston, 8. J., 
and D. Attwater (New York: P. J. Kenedy & Sons, 
1956), vol. IIT, p. 228-30. 


soon recognized and he was permitted to 
study under Castelli, a pupil of Galileo. 
He then spent the remaining eighteen 
years of his life teaching mathematics in 
the University of Bologna.*® 

Unfortunately the Jesuats as an or- 
ganization did not enjoy the success that 
their gifted son acquired. Over the years 
some abuses had made their way into the 
group. As a result, today it no longer 
exists. The manufacture and sale of dis- 
tilled liquors’—presumably in a way 
contrary to Canon Law—together with a 
scarcity of members,* have been some of 
the reasons given by writers for the 
group’s suppression by Pope Clement IX 
in 1668.° 

Cath. Encyel., vol. ibid. 

7W. E. Addis and T. Arnold, Catholic Dictionary 
(15th ed.; Catholic Publication Society, 1951), p. 466. 


* Butler, thid. 
Cath. Encyel., vol. thid. 


Letters to the editor 


Dear Sir: 

The enclosed on the Euler Identity may be 
of interest to you as a filler for Toe Marne- 
MATICS TEACHER. 

This magazine has only recently come to my 
attention. It seems altogether admirable to me; 
so keep up the good work and convey my warm 
appreciation to vour colleagues. 


Yours sincerely, 
John Coleman 
University of Toronto 


Professor Yates’s interesting proof (‘‘The 
Euler Identity: e*=cos z+i-sin in THE 
MaTHEMATIcS April 1958) can be 
simplified as follows: 

Let u=(cos r+ sin z)e~*, then it follows 
immediately that u’ =0, but u(0) =1. Therefore 
=1. q.e.d. 

A similar argument enables one to give an 
elementary proof of the important fact that the 
solution of the equation y’=ky is unique to 
within a multiplicative constant. For suppose 
that u and v are two solutions of this equation, 
then uv has zero derivative and is therefore a 
constant. For some years I have used the Euler 
identity as an interesting application of this 
uniqueness theorem in my introductory calcu- 
lus course at Toronto. The students usually 


react to the imaginary constant with intrigued 
skepticism!—A. J. Coleman, Department of 
Mathematics, University of Toronto. 


Dear Sir: 


I would like to express my protest at such a 
large increase in the cost of membership in the 
Council and of its journals. It would seem that 
if anyone should realize the importance of hold- 
ing the line against inflation and all its evils, 
it should be the supposedly objective-minded 
teachers of mathematics. Moreover, I find no 
such comparable increase in my teaching salary 
This is a real disappointment to a long-time 
member. 

Now that’s off my chest, may I make a 
combination suggestion-request? I’d like very 
much to see more articles of down-to-earth, 
high school level material about the new math 
we are being urged to teach. Can’t we have 
some simple, elemental articles about sets, etc., 
and how to teach this material that most of us 
teachers never heard of when we were in school? 
Personally, I’d much prefer that to a lot of the 
flights of fancy that I seem to find in Tue 
MarTuematics TEACHER of late. 


Respectfully, 
L. Taytor 
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@ MATHEMATICS IN THE JUNIOR HIGH SCHOOL 


Edited by Lucien B. Kinney, Stanford University, and 
Dan T. Dawson, Stanford University, Stanford, California 


A gratuitous extrapolation 


in the teaching of per cent 


by Francis J. Mueller, Maryland State Teachers College, Towson, Maryland 


Throughout the teaching of mathe- 
matics there is a tendency to overestimate 
the degree of transfer of learning. In our 
student days we have all had our frus- 
trating moments with the likes of 
“the remainder of the proof is ob- 
vious and will be left as an exercise for the 
student.” 

In the teaching of arithmetic, perhaps 
one of the most frequent and flagrant of 
such “gratuitous extrapolations’’ occurs in 
the handling of per cents greater than 
100%. 

Having taught the student a variety of 
percentage problems and their means of 
solution, teachers all too often fail to make 
specific mention of the important distine- 
tion between such statements as “175% 
of something” and “175% greater than 
something.”” Among the college students 
that I teach there appears to be an in- 
grained notion that no difference exists 
between these two statements, that they 
are quite interchangeable. 

From what I can discern, my students— 
and I have reason to believe they are not 
anomalous—were exposed to their share 
of work with percentage problems in their 
precollege training, both the per-cents- 
less-than-100% and the per-cents-greater- 
than-100% varieties. However, it would 
appear from the students’ reactions that 
their teachers must have assumed they 
understood that “175% greater than’’ is 


obviously equivalent not to “175% of,” 


but to “275% of.” 

With some, the confusion extends over 
into the area of per-cents-less-than-100%, 
e.g., “75% of’ =“75% greater than.” Of 
course this is not so frequent, for generally 
the student has by this time recognized 
that “75% of something” is not going to 
yield him an amount greater than he 
originally had. But with per-cents-greater- 
than he has no such simple check on his 
reasoning, since both “175% of” and 
“175% greater than” yield him an amount 
greater than he originally had. 

Since we know that these distinctions 
are sources of potential confusion for the 
student, we will do well to point out that 
fact and show the way to correct inter- 
pretations. This might be accomplished 
in three phases. 

In the first phase, the student must be 
made consciously to understand the dif- 
ference between the two basic compara- 
tive statements: ‘‘so many times as much 
as’”’ and “so many times more than.’’ Use 
of hypothetical, concrete situations can be 
most helpful here: John has $12 and Mary 
has $4. Have the students make state- 
ments comparing (by ratio) John’s wealth 
to Mary’s. Most will give as a first reply, 
“John has three times as much money as 
Mary.” If an alternative statement in- 
volving “greater than” is not forthcoming, 
it ean be drawn out usually by asking 
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questions like: “‘How many dollars more 
than Mary does John have?” (Answer: 
$8.) ‘How does this excess of dollars which 
John has compare to what Mary has?” 
(Answer: 2 to 1.) “Involve this ratio in a 
statement of the situation.” (Answer: 
John has two times more dollars than 
Mary.) 

Given practice with additional similar 
illustrations, the students soon reach a 
point at which they can readily express a 
comparison either in terms of the absolute 
values involved or in terms of the excess 
of one over the other—and appreciate the 
difference in the statements. 

The second phase involves translating 
these alternative statements for each 
comparison to expressions of per cent: If 
John has three times Mary’s dollars, then 
John has 300% as much money as Mary; 
if John has two times more dollars than 
Mary, then John has 200% more dollars 
than Mary; and the like. Then, upon ab- 
stracting the essentials from these equi- 
valent alternatives, the student sees that: 


200% more than =300% of 
100% more than = 200% of 
50% greater than = 150% of 
an increase of 75% =175% of 


The final phase calls for directing speci- 
fic attention to the fact that the basic 
percentage problems (whether by the 
three-case method or formula method) as 
the student learned them were all be- 
holden to the “of” language. Instead of 


developing a separate technique for these 
“excess” cases, the simplest thing to do 
is to translate instances of “per-cents- 
greater-than” to the “‘of’’ language by the 
simple expedient of adding 100% and 
proceeding in the usual way. 

Before leaving the topic, however, the 
good teacher will not take it for granted 
that the student surely understands that 
a similar treatment can be made for “‘per- 
cents-less-than.”’ Instead, he will develop 
the parallel notions: 


40% less than = 60% of 
22% less than =78% of 
a decrease of 35% =65% of 
less than =(100—x)% of 
120% less than =an absurdity 


Now, having followed this suggested 
pattern in your classroom, certain that 
the light in the students’ eyes reflects 
crystal-clear understanding, I suggest you 
try them, without notice, on a simple dis- 
count problem, such as: ‘‘A suit, priced at 
$75, is offered to you at a discount of 18%. 
If you accept, what price would you pay?” 

Check to see how students got their 
answer of $61.50. For those students who 
multiplied $75 by .82, you may permit 
yourself a well-earned glow; for those who, 
despite your good instruction, methodi- 
cally took 18% of $75 and then sub- 
tracted, don’t despair—they have simply 
re-emphasized for you that the only way 
to assure transfer is specifically to teach 
for it. 


A request from the subcommittee on junior high school 
mathematics of the Secondary School Curriculum Committee 


Teachers and schools who are conducting 
experimental programs in mathematics at the 
junior high school level are requested to report 
their plans and experiences to the subcommit- 
tee on junior high school mathematics of the 
Secondary School Curriculum Committee of the 
National Council of Teachers of Mathematics. 
These reports should be mailed to Professor 


John A. Brown, College of Education, Univer- 
sity of Delaware, Newark, Delaware. The sub- 
committee is developing a statement on current 
practices in junior high school mathematics and 
on recommendations for the immediate future. 
Your cooperation through suggestions and re- 
ports will be appreciated. 


476 The Mathematics Teacher | October, 1958 


| 


@® POINTS AND VIEWPOINTS 


The weight of a symbol 


A column of unofficial comment 


by Harold P. Fawcett, President of The National Council of Teachers of Mathematics 


On the wall above my desk is a gavel. 
It was handed to me by Howard Fehr, the 
immediate past-president of The National 
Council of Teachers of Mathematics. 
During this brief and simple ceremony he 
referred to the “weight”’ of the gavel, and 
I have since looked at it many times with 
this significant reference in mind. The 
handle is not long, other dimensions are in 
like ratio, and the hasty observations of an 
uninformed eye might well suggest that 
this particular gavel is not very heavy. 
But the accuracy of such a conclusion de- 
pends altogether on what one sees as he 
looks at this symbol of authority hanging 
on the wall of my study. Let us look at it 
together and then make some estimate of 
its weight and its influence in shaping the 
world of tomorrow. 

This gavel was transferred to me in 
Cleveland at the closing luncheon of the 
Annual Meeting on April 12, 1958. 
Among the many luncheon guests there 
were undoubtedly some who saw in the 
process little more than a small piece of 
wood nicely machined and _ beautifully 
finished. But seated in that great audience 
were others who looked at this gavel and 
recognized the creative vision of those 127 
dedicated men and women who just 
thirty-eight years ago had gathered in this 
same Ohio city for no other purpose than 
to plan together how the teaching of 
mathematics might be improved. It is out 
of such considerations that The National 
Council of Teachers of Mathematics was 


born, and of the original 127 who created 
this organization, the three who were 
present at this Saturday luncheon almost 
forty years later must indeed have looked 
in proud perspective at the achievement 
of the intervening years. The gavel which 
closed that first historic meeting has 
steadily increased its ‘‘weight,’’ and now, 
after nearly two decades of service, The 
National Council of Teachers of Mathe- 
matics reflects the projected wisdom of 
those distinguished men and women who 
created it. 

In many a classroom the teaching of 
mathematics has come to life through the 
wholesome influence of Council publica- 
tions. The three journals continue to 
awaken the untapped potentialities of 
both teachers and students. The series of 
small publications has helped to trans- 
form dull and uninteresting classrooms 
into centers of purposeful activity. The 
twenty-three yearbooks provide the finest 
available library of professional literature 
dealing with mathematics education, and 
those now being prepared for publication 
will add to the prestige of this collection. 
Beginning with the initial group of 127, 
the membership has now increased to 
approximately 20,000, and the gavel of the 
Council has indeed taken on a lot of added 
“weight.” 

Let no one believe, however, that this is 
any time for a reducing diet, popular 
though this practice may at present be. 
During the thirty-eight-year history of The 
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National Council there has never been a 
time when its increasing “weight’’ was 
more needed than at present. Curricular 
practices have been questioned and are 
now under serious study. Well-conceived 
experiments are testing the educational 
values inherent in new content, and re- 
search of this type should continue 
through the coming years. On other fronts, 
proposals are developing, designed to 
breathe a new spirit into older and more 
familiar content so that it may effectively 
serve the changing needs of society. Cur- 
ricula are being reorganized, plans to 
provide new teaching materials are under 
way, and it is not surprising that all of 
this ferment leads to some degree of unrest 
among mathematics teachers. 

The Secondary School Curriculum Com- 
mittee of the Council is thoroughly in- 
formed concerning all of these develop- 
ments, and is now preparing a preliminary 
report based on questions which have been 
raised by teachers and administrators 
who wish to improve the quality of mathe- 
matics teaching in their respective loca- 
tions. Individual members of this 
mittee are working intimately with other 
groups, and it is anticipated that the final 
committee report will reflect the best of all 
that is known concerning the kind of 
mathematics curriculum which will most 
effectively serve the needs of all secondary 
school students. 

When the secondary schools of the 
United States open tomorrow morning, 
approximately 65,000 mathematics 
teachers will report for duty. Considerably 
more than one-quarter of them are mem- 
bers of the National Council, and others 
are joining in increasing numbers. None 
are more dedicated to the high responsi- 
bilities of their profession and none are 
more faithful in meeting them. 

It must not be overlooked, however, 
that many of these teachers are operating 
on emergency certificates and that this 
number is likely to increase. To estimate 


the percentage not regularly certified is 
virtually impossible, but in one state 
twelve per cent are reported “as being 
without certificates,’ while in another 
only twenty-one per cent are reported as 
having majored in mathematics. Then 
there are all too many others whose only 
qualification for teaching mathematics is 
that they have a free period at the sched- 
uled hour. The assumption frequently 
made by worried administrators that 
anyone can teach mathematics should be 
abandoned. Music teachers, coaches, home 
economics majors, and physical education 
experts, able and competent in their re- 
spective fields, may also be ‘“good’’ in 
mathematics but, in general, they are not 
good enough to be drafted as teachers in 
this important area. The spotlight should 
also be turned on the mathematical back- 
ground of those certified to teach in the 
elementary school, since the curriculum 
choices made in the high school are so 
largely influenced by the attitudes and 
interests developed in earlier years. 

Of the many important problems re- 
lated to the teaching of mathematics two 
only have been specifically mentioned. 
The National Council of Teachers of 
Mathematics is concerned with all of 
them, and through its thirty-two com- 
mittees is working on many fronts. The 
voice of the Council is the voice of 20,000 
mathematics teachers, and every single 
member (including those who are married) 
is adding ‘‘weight”’ to the symbolic gavel 
hanging on my study wall. It is, indeed, 
heavy, as Professor Fehr stated, and it 
must be kept heavy. It symbolizes an in- 
creasing membership of dedicated 
teachers, unified in their support of the 
basic purposes defined thirty-eight years 
ago by those 127 charter members who 
wished “to plan together how the teaching 
of mathematics may be improved.” To 
serve as an instrument in moving toward 
the achievement of this worthy purpose is 
a most rewarding experience. 
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Reviews and evaluations 


Edited by Richard D. Crumley, Iowa State Teachers College, Cedar Falls, Iowa 


BOOKS 


Analytic Geometry, Edwin J. Purcell (New 
York: Appleton-Century-Crofts, Inc., 1958). 
Cloth, x +289 pp., $4.50. 


In favor of the present volume is its easily 
readable style and clear exposition, as well as its 
inclusion of numerous interesting topics and 
problems. A chapter on curve sketching, for 
example, is a valuable feature. 

Many users will find the pace of the book 
somewhat too leisurely and unchallenging, and 
language purists may perhaps object to such 
statements as that on page 146: “‘The locus... . 
is symmetric with respect to the origin if substi- 
tution of —z for z and —y for y throughout the 
equation leaves the equation essentially un- 
changed.” 

The main reservations concerning this book 
probably center around two other points. 

First, no use is made of vectors. This in- 
volves several drawbacks, all severe. Most im- 
portant is the fact that the student is denied the 
use of valuable mental pictures. At a time when 
various authors are making effective use of 
geometrical mental pictures even in such 
unlikely subjects as linear transformations, 
probability, and complex variables, it is hard toe 
justify taking a genuinely geometric subject and 
depriving it of its means of visualization. More- 
over, the uses of analytic geometry in physics 
and engineering are nowadays founded mainly on 
vector formulations. Finally, it is the vector 
formulation which extends to more advanced 
work in tensor calculus, differential geometry, 
and linear spaces. Consequently, the failure to 
present analytic geometry in a vector formula- 
tion puts obstacles in the way of the student’s 
present understanding and requires him to re- 
learn the subject later if he continues his studies. 

The second reservation that one feels about 
this volume is that it is not a book for 1958. The 
movement today is to combine subjects in a 
unified way wherever possible—or, one might 
say, to eliminate old and artificial compart- 
ments that obscure the true unity of mathe- 
matics. The new place for analytic geometry 
appears to be in combination with synthetic 
geometry at the high school level, and in combi- 
nation with calculus at the college level. This 
book, despite its virtues, does not in any way 
represent a real step forward.—Robert B. Davis, 
Syracuse University, Syracuse, New York. 


College Plane Geometry, Edwin M. Hemmerling 
(New York: John Wiley and Sons, Inc., 
1958). Cloth, ix +310 pp., $4.95. 


This is a disappointing book. It claims to be 
a college text, and its preface states that 
geometry for colleges “ . . . must differ in many 
respects from that taught in high schools.’’ Un- 
fortunately, these differences cannot be said to 
have had a beneficial influence on the mathe- 
matical content of the book. The author seems 
to have gone out of his way to retain in his treat- 
ment many of the worst features of many of the 
worst high school books on the subject. 

The student is urged to improve his thinking 
habits and is promised lessons in clear and criti- 
cal thinking. The text itself furnishes repeated 
examples of the very opposite. For instance, the 
definition of congruence given is, ‘“Two figures 
are congruent when they have the same size and 
shape.’ The standards of precision employed in 
the proofs are also of a very low order. The book 
is open to further severe criticism on the basis 
of the selection of topics. In fact, nowhere in the 
treatment of these matters is there any evidence 
to be discerned that the author is familiar with 
geometry as mathematicians have understood 
the subject for the last seventy-five years. The 
whole point of view seems to be that a snappy 
format in a text licenses publisher and author 
to ignore major intellectual and professional re- 
sponsibilities—Howard Levi, Columbia Uni- 
versity, New York City, New York. 


Essential Mathematics for College Students, 
Francis J. Mueller (Englewood Cliffs, New 
Jersey: Prentice-Hall., Inc., 1958). Paper, 
xiii +238 pp., $3.95 
The author states that this manual has been 

prepared with three kinds of users in mind: those 

who want to acquire or renew a basic mathe- 
matical competence sufficient to cope with 
everyday problems; those who must prepare 
themselves to meet the mathematical demands 
of nonmathematical courses; and those who 
need additional preparation or review before 
pursuing more advanced courses in mathe- 
matics. In view of the rather extensive emphasis 
placed upon the restudying of arithmetic as 
covered in the first seventy-six pages of the 
manual, it seems that this book should be used 
in a beginning algebra class in high school or 
in a college algebra class designed for those who 
have had no algebra in high school. Another 
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possibility would be use in a college class con- 
sisting of those students who have had some 
training in algebra in high school, but who show 
a lack of proficiency in it when they enter col- 
lege. 

The material concerning arithmetic covers 
the usual topics, with the addition of some work 
concerning approximate numbers. The explana- 
tions given are clearly written and complete. 
The number of examples included, together 
with detailed explanations of solution, is suffi- 
cient to give the student a very adequate under- 
standing of how to perform an operation. 

In making the transition from arithmetic to 
algebra, the author attempts to correlate the 
two as much as possible, yet he points out some 
of the differences. If students have had no ex- 
perience with signed numbers prior to encount- 
tering them in this book, the teacher would need 
to supplement the material quite extensively. 
Signed numbers are treated from a purely 
operational point of view, with very little effort 
to make these operations meaningful. 

The section dealing with the solving of verbal 
problems is excellent. The technique of translat- 
ing the problem from everyday English to alge- 
braic English to an algebraic equation is used. 
This gives the student an opportunity to become 
acquainted with a new way of stating a relation- 
ship before he is expected to write the algebraic 
equation. The numerical approach to the solving 
of a verbal problem is also emphasized. 

Throughout most of the work in algebra, an 
effort is made to help the student develop the 
reasons why the rules work instead of merely 
giving him those rules. The statistical work is 
very elementary in nature and includes concepts 
which are likely to be encountered in everyday 
reading. 

It seems to the reviewer that this book 
would have greater possibilities for high school 
algebra courses than it would for college courses. 
It could be used for remedial work in college 
either on a class basis or on an individual basis. 
This book would seem to be good for use with 
those who are rather slow learners.—Harold W. 
Brockman, Capital University, Columbus, Ohio. 


Handbook of Calculus, Difference and Differen- 
tial Equations, Edward J. Cogan and Robert 
Z. Norman (Englewood Cliffs, New Jersey: 
Prentice-Hall, Inc., 1958). Cloth, xii+263 
pp., $4.50. 


In addition to the usual tables of values and 
lists of formulas for elementary functions, this 
handbook contains lists of ‘‘general solution 
forms” for certain elementary differential and 
difference equations. It is hoped (by the Com- 
mittee on the Undergraduate Program of the 
Mathematical Association of America, among 
others) that this method of “teaching” differ- 
ential equations will save time needed for more 
important topics. The problem of presenting the 
topic of elementary differential equations con- 
cerns very few teachers of high school mathe- 
matics. Even the most idealistic students of the 


curriculum have not suggested that this topic be 
taught in high school. This reviewer feels, there- 
fore, that this book has little of interest for 
teachers of high school mathematics.—M. F. 
Smiley, State University of Iowa, Iowa City, 
Towa. 


Improving the Arithmetic Program, Leo J. 
Brueckner (New York: Appleton-Century- 
Crofts, Inc., 1957). Paper, vii+120 pp., 
$1.25. 


In the introductory chapter of this mono- 
graph, Dr. Brueckner states that its major pur- 
pose is to assist schools in evaluating and im- 
proving their arithmetic programs. He justifies 
its publication by asserting that keeping the 
arithmetic program of a school in line with the 
needs of our changing society and keeping the 
instructional procedures in line with the findings 
of research are constant problems facing those 
persons who are responsible for guiding and di- 
recting the program. He points out that citizens 
of the community as well as teachers, principals, 
superintendents, curriculum directors, and spe- 
cialists should participate in improvement stud- 
ies. These should involve gathering information 
concerning the needs of the children and the 
community, analyzing the strengths and weak- 
nesses of the existing program, and outlining 
immediate and long-range steps for improving 
the program. A copy of the guide for the study 
of the arithmetic program, developed under the 
direction of the author in courses and workshops 
at the University of Minnesota, is included. This 
guide was developed in connection with the ac- 
tivities of the Minnesota State Committee for 
the Improvement of Education in 1954-55. 
The major sections of the guide deal with the (1) 
objectives and outcomes of the arithmetic pro- 
gram, (2) organization and content of the cur- 
riculum, (3) instructional practices and pro- 
cedures, and (4) availability and adequacy of 
instructional materials. The subsequent chap- 
ters of this monograph contain background 
material as well as specific suggestions for study- 
ing, evaluating, and improving the arithmetic 
program in these areas. 

School administrators who are making plans 
to study the arithmetic programs of their schools 
will find many suggestions here for organizing 
and guiding such a study. Classroom teachers 
and members of the community who are to par- 
ticipate in the study will have a clearer idea of 
what they are attempting to do if they read this 
book first. The emphasis given to the study of 
the objectives of the instructional program and 
the suggestions to re-evaluate each objective and 
estimate the degree to which each is being 
achieved should deter those administrators and 
teachers who are inclined to evaluate school 
programs in piecemeal fashion. The stress that is 
placed on the need for careful collection and 
critical appraisal of data should convince those 
who are inclined to move rapidly that more than 
a hasty look is necessary before proper steps can 
be taken to improve a program, 


480 The Mathematics Teacher | October, 1958 


Examination of this monograph should not 
be limited to those persons who are only con- 
cerned with improving the program in arith- 
metic. The suggestions found here will be of help 
in the study of any area of the curriculum, espe- 
cially with regard to (1) planning and carrying 
through a curriculum development program, (2) 
evaluating appraisal procedures, particularly the 
standardized testing program, (3) studying and 
evaluating instructional practices and pro- 
cedures, and (4) developing a plan for improving 
instruction. 

In the opinion of the reviewer, insufficient 
attention is given to the role of the consultant 
and to the amount of time needed to do such a 
comprehensive study. Too frequently, school 
administrators directing such studies expect the 
consultant to take the leadership role and fail to 
give teacher and citizen committees sufficient 
time to do thoroughly and well what they have 
been asked to do. The bibliography seems to be 
lacking in some respects, considering the wide 
range of background and experience of the 
people who will be using this monograph. These 
shortcomings are relatively minor, however, and 
do not limit the value of this publication to a 
very measurable extent. The author has a rich 
background of experience from which he has 
drawn to make this a practical guide. Profes- 
sional and lay people earnestly endeavoring to 
study and improve the arithmetic programs of 
their schools who use this guide should be able 
to identify with confidence points at which 
changes are desirable—Joyce Benbrook, Uni- 
versity of Houston, Houston, Tezas. 


An Introduction to the Foundations and Funda- 
mental Concepts of Mathematics, Howard 
Eves and Carroll V. Newsom (New York: 
Rinehart and Company, 1958). Cloth, 
xv +363 pp., $6.75. 


Here is a book with special appeal to many 


readers of THE Matuematics TEACHER. It de- 
velops the history of many of the important as- 
pects of ‘modern mathematics’—including 
most of those now widely advocated for the high 
school curriculum—by a method which is not 
‘mere history’’ but a historically-enriched dis- 
cussion of ideas and mathematical trends. 
Geometries, including non-Euclidean ones, alge- 
braic structures, sets, and symbolic logic are 
some of the topics treated. A mature reader who 
has forgotten much of his technical knowledge 
of advanced mathematics can gain many in- 
sights from this book, which is intended pri- 
marily for advanced undergraduates. Some 
readers will regret that after a careful introduc- 
tion of many modern topics the authors are 
forced to slight the detailed development of 
theorems and applications. Still, those develop- 
ments can be found in many other books, while 
here we find stimulating answers to the ques- 
tions: What are the distinctive viewpoints of 
modern mathematics? How and why did they 
come about? With what rival views do they 
compete? 


Postulational thinking is called ““The Mod- 
ern Mathematical Method,” the title given to 
Chapter 6. That there are unsolved problems 
concerning some aspects of this method is in- 
dicated by the comments on logicism (p. 287) 
and on formalism (p. 290f.) and even by the 
closing footnote, a semihumorous quotation on 
mathematics as a branch of theology.—Carl H. 
Denbow, Ohio University, Athens, Ohio. 


Mathematical Excursions (Dover republication), 
Helen A. Merrill (New York: Dover Publi- 
cations, Inc., 1957). Paper, xi+145 pp., 
$1.00. 


Twelve of the fourteen chapters of this book- 
let are devoted to arithmetical pastimes ranging 
from criteria for divisibility to applications of 
Diophantine analysis. The last two chapters 
are concerned with linkages and some unsolved 
problems in number theory. Explanations are 
simple and, for the most part, adequate. 

Since this is a set of “excursions,” it cannot 
be expected to compare with standard books on 
mathematical recreations, but must be consid- 
ered on its «wn merits. Thus considered, each 
chapter turns out to be a very short trip into an 
area not usually covered in the classroom, no 
two trips being related. This format may well 
serve to whet the mathematical appetite of the 
more able student in the secondary school 
mathematics class. 

It is unfortunate that this is merely a reprint 
of the original, published in 1933. As such, it is 
somewhat dated. For example, Chapter 2 dis- 
cusses the ‘‘dyadic’”’ notation. We know this 
better as the binary notation. Again, the reprint 
includes all the faults of the original, as well as 
its merits. Thus, some of the chapters are fol- 
lowed by problems for solution, whereas others 
are not. Also, the space devoted to some of the 
exposition is often disproportionately allotted. 
For example, three pages are used to explain the 
formation of odd magic squares by De la 
Loubére’s method, which could be done in one 
paragraph, while half a page is used to show how 
to solve a linear Diophantine equation. The 
“fifteen’”’ puzzle is presented without any dis- 
cussion of possible solutions, and determinants 
are introduced without any application at all. 

As suggested, this booklet could be used to 
interest the better student as a form of enrich- 
ment.—Samuel L. Greitzer, Bronx High School 
of Science, New York, New York. 


Mathematics in Business, Lloyd L. Lowenstein 
(New York: John Wiley and Sons, Inc., 
1958). Cloth, xv +364 pp., $4.95. 


The reviewer feels that this textbook fills a 
definite need for a book in the field of business 
mathematics which is between the usual business 
arithmetic and the usual mathematics of finance 
textbooks in difficulty and in scope of topics 
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covered. As such, it is a welcome addition to the 
market. It is well written in general, and the 
problem material is challenging, particularly in 
the portions directed to applications of the prin- 
ciples developed. 

General annuities are not considered nor are 
the usual topics of life insurance. This is prob- 
ably desirable, since the group for whom the 
textbook is intended are usually deficient in 
background training in mathematics, and as a 
result cannot be expected to perfect their under- 
standings of the concepts of algebra required for 
a treatment of such topics in one short course in 
the mathematics of business. The usual 
“identity”’ type of problem is also lacking. 
Since such problems require an excellent under- 
standing of algebraic principles, their omission 
is understandable. It is the feeling of the re- 
viewer, however, that a certain amount of such 
material would be highly desirable in building a 
deeper understanding of the interrelationship 
between the concepts as expressed directly by 
the formulas and the underlying principles upon 
which their development was based. 

Many excellent line graphs are used to 
illustrate the accumulation and discount con- 
cepts involved in the explanation of the princi- 
ples being developed. Several pictorial graphs 
are also included that are subject to misinterpre- 
tation and as such have little or no value in a 
mathematics textbook. 

The reviewer questions the desirability of the 
use of such names in the problem material as 
Hall and Prentice, Hill and McGraw, P and A 
Chain Stores, Kant Miss Fly-Swatter Com- 
pany, Juke Boxes, Inc., and many others. Per- 
haps, however, they add a less serious touch to 
the material, and the students will find them 
stimulating. 

The inclusion of tables of Sj; instead of the 
more usual Aq;~! would seem to be a matter of 
the personal choice of the author. Otherwise, the 
tables included are the usual, adequate tables 
required for compound interest and annuity 
concepts. 

The solution of problems for interest rate 
and time concepts is presented by interpolation 
between appropriate tabular values rather than 
by means of logarithms. The topics of logarithms 
and the binomial theorem are presented in the 
appendix. 

The reviewer feels that for a course between 
the usual arithmetic and mathematics of finance 
courses in content and rigor of presentation, the 
book merits favorable consideration by pro- 
spective users.—Herbert Hannon, Western Michi- 
gan University, Kalamazoo, Michigan. 


Plane Geometry (with teacher’s manual), John F. 
Schacht and Roderick C. McLennan (New 
York: Henry Holt and Company, 1957). 
Cloth, xvi+494 pp., $3.98, 

Plane Geometry typifies in many respects the 


popular thinking on how this traditional course 
can best be presented to mathematics students 


in today’s secondary schools. The question that 
is most pressing in the minds of an increasing 
number of mathematics teachers today, how- 
ever, is, “Just how much longer must we con- 
tinue to teach these somewhat antiquated, 
illogical Euclidean proofs and materials?”’ 

The authors have made a conscious, visible 
effort to present the course in plane geometry as 
a logical system, building their theorems upon 
the orderly presentation of undefined terms, 
definitions, postulates, axioms, and construc- 
tions. The large number of theorems (ninety- 
two) is rather overwhelming. Perhaps it would 
have been better if some of these had been 
written in the form of original problems for the 
student. 

The format of the book is generally pleasing. 
There has been a generous use of color, and 
there are many illustrations that have student 
appeal. 

There is a thread of emphasis which runs 
throughout the book: the use of experimenta- 
tion and deductive reasoning for the develop- 
ment of geometric concepts and relations. While 
few mathematics teachers will question the 
efficacy of this approach, many will undoubtedly 
feel that it is more applicable to units of intuitive 
geometry taught in grades six through nine. 

This text presents an adequate supply of 
exercise materials and an unusually interesting 
number of items of enrichment in the form of 
historical notes, classical problems, and optional 
materials. The exercises have been graded to 
help the classroom teacher care for individual 
and class differences. Again, color has been used 
advantageously to indicate the various levels of 
difficulty and importance. A chapter summary, 
review, and test materials are to be found at the 
close of each chapter for the convenience and 
use of both teacher and pupil. 

The authors have included units on spatial 
concepts, approximate numbers, and co-ordinate 
geometry. These are, however, placed in isolated 
“optional” units, thus giving them by implica- 
tion the role of “unimportant supplementary 
materials.’’ High school mathematics cannot be 
taught as a unified field as long as teachers and 
textbooks continue arbitrarily to pigeonhole 
those concepts that can provide many threads of 
continuity and unification. 

This text has been well organized, and it 
presents an elementary course in plane geometry 
from a developmental point of view. Topics 
have been arranged in a natural order, and both 
inductive and deductive processes are used to 
advantage by the authors. 

Even though the teaching of mathematics 
from the modern approach has gained consider- 
able momentum in the past two years, we must 
recognize that traditional courses (particularly 
in geometry) will be taught in the public schools 
for years to come. Certainly this book deserves 
the careful examination of those teachers who 
will continue to teach the traditional Euclidean 
course in plane geometry.—Ross A. Nielsen, 
Iowa State Teachers College, Cedar Falls, Iowa. 
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Plane Geometry, A. M. Welchons, W. R. 
Krickenberger, and Helen R. Pearson (Bos- 
ton: Ginn and Company, 1958). Cloth, 
viii +584 pp., $3.88. 


In the judgment of this reviewer, this is an 
excellent traditional text. A great amount of 
material is presented. The teacher is advised as 
to what might be covered in a minimum course. 
oxercises are classified in A, B, and C lists in 
ascending order of difficulty. Some attention is 
given to three-dimensional geometry. 

Color is used judiciously. Definitions, for 
example, are underlined in red. The result is a 
book of pleasing appearance that should be easy 
to use. 

Many features of the text are to be com- 
mended. Logical concepts are discussed at regu- 
lar intervals. Indeed, some of the logical assump- 
tions that underlie mathematical proofs are 
specifically formulated and included in the list 
of postulates. Assumptions 36, 38, and 39 on 
pages 131 and 153 illustrate this. 

The practical applications of geometry are 
emphasized. The treatment of regular polygons 
and circles is well done. Some notions of limits 
are presented in this chapter. Short chapters on 
elementary trigonometry and co-ordinate ge- 
ometry are included. 

The serious, able student who studies this 
text under a competent teacher will lay a sub- 
stantial foundation for continuing mathematical 
growth. There is much talk today concerning 
revision of the high school mathematics cur- 
riculum. In particular, plane geometry is under 
heavy fire. This reviewer is convinced that 
change is inevitable in both algebra and ge- 
ometry. But at the same time, any reasonable 
person must accord high respect to the type of 
mathematical instruction exemplified by the 
Welchons, Krickenberger, Pearson book. Texts 
like these, taught by competent teachers like 
these authors, have played an important role in 
the production of our present generation of 
mathematicians. They are not to be lightly dis- 
carded. It is to be granted that they tend to 
emphasize the facts of mathematics rather than 
its structure, but for many of the applications of 
mathematics, factual knowledge is of paramount 
importance. It is the prediction of this reviewer 
that in the long run we will find that we can 
well afford to devote a full year of the high 
school mathematics program to the study of 
geometry. 

We shall make some criticism of this text, 
but it must be remembered that these criticisms 
apply generally to all traditional texts. As a 
matter of fact, if this were a review of any other 
traditional text, the criticisms would probably 
be sharper. 

The treatment of logical concepts is not 
always clear. For example, on page 50, it is said 
that in the sentence, ‘‘An acute angle is an angle 
less than a right angle,” the hypothesis is ‘‘An 
acute angle’’ and the conclusion is “is an angle 
less than a right angle.’’ This example illustrates 
the concept of definition rather than logical 
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Figure 1 


implication. In the light of the rich material 
presently available on logic, the sections on 
logical reasoning could be greatly improved. 

Attention is drawn to the above circle 
diagram found on page 116 and presented to de- 
scribe the deductive reasoning employed in 
inferring that Jf ZA and ZB are complements of 
ZC and complements of one angle are equal to one 
another, then ZA and ZB are equal io one another. 

The verbal argument runs: ‘Let a large 
circle contain all equal angles. ...” 

We ask: What is meant by all equal angles? 
Equality is a relation, not a property. The ele- 
ments of the sets above should be pairs of 
angles, not individual angles. The diagram below 
correctly presents the ideas involved and prob- 
ably represents what the-authors actually have 
in mind. 


Figure 2 
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The pair of angles {2 A, ZB} is one element 
in the set of pairs of angles with each angle in 
one pair complementary to ZC. The set of all 
these pairs is a subset of all pairs of angles such 
that the angles of one pair are equal to one 
another. 

Over the past years there has been a pro- 
gressive degeneration in the language of ge- 
ometry. The teacher speaks of a vertical angle, 
a parallel line, an equal segment. It would be 
better to return to the purer language of Euclid 
and say instead: one angle is vertical with-respect 
to a second angle; one line is parallel to a second; 
one segment is equal to a second. 

Two geometry classes recently visited spent 
much time discussing the following concepts: Is 
every point a vertex? What is a vertical angle? 
It was obvious that the students thought that 
they were discussing properties rather than 
relations. Carefully written texts can prevent 
such confusion. 

This text makes no clear-cut distinction be- 
tween Assumptions, Definitions, and Theorems. 
It is implied that the assumptions of geometry 
fall into two categories—axioms and postulates 
—and that these two sets are essentially distinct 
in nature. This has been known for sixty years 
as a logically untenable point of view. 

Some fifty-seven assumptions are presented. 
Of these, approximately twelve are needed, 
although several of these twelve are stated in 
such a way as to make them logically useless. 
For example, the addition postulate If equals be 
added to equals, the sums are equal to one another 
is presented as if it is a postulate concerning 
number properties. What is needed here are 
three distinct postulates that deal separately 
with addition of segments, addition of angles, and 
addition of polygons. No postulate is necessary 
for addition of numbers. It is to the credit of the 
authors that they do present an intuitive dis- 
cussion of addition of segments and angles. 

The forty-odd assumptions other than the 
few mentioned above fall into three categories. 
Each of these remaining assumptions is an easy 
theorem, a definition, or a useless statement. 

Approximately twenty-seven of these re- 
maining assumptions are easy theorems, some 
fifteen should be replaced by definitions, and the 
rest appear to be useless. For example, As- 
sumption 11, on page 56, asserts: One straight 
line and only one can be drawn through two 
points, and Assumption 12 states: Two straight 
lines cannot intersect in more than one point. 

It is obvious that Assumption 12 is a trivial 
consequence of 11. 

Examples of assumptions that should be 
replaced by definitions are Assumptions 24 and 
25 (p. 56), 26 (p. 57), 34 (p. 98), 35 (p. 129), 
41 and 42 (p. 288). 

Assumption 34 is: Corresponding parts of 
congruent polygons are equal; polygons are con- 
gruent if their corresponding parts are equal. This 
is a definition of what it means to say that two 
polygons are congruent to one another. 

Assumption 42 states: A point is within, on, 


or outside a circle tf tts distance from the center 
is less than, equal to, or greater than the radius; 
and conversely. What we have here is actually a 
definition of three concepts, namely, circle, 
inside of a circle, and outside of a circle. 

Examples of useless or meaningless assump- 
tions are Assumptions 6 and 8 on page 53. 
Assumption 6 asserts that a quantity may be 
substituted for its equal. This is vague and 
certainly not needed. A student may of course 
use Assumption 6 to argue thatif AB =CD=EF, 
then AB=EF, but he may also use the trans- 
itivity property of equality of segments. Indeed, 
consider the statement, ‘AB, BC, and CA are 
sides of a triangle.’”’ Now let A’B’ be equal to 
AB and substitute A’B’ for AB in the above 
statement. The resulting statement is noi 
necessarily equivalent to the original. 

We summarize our judgment of this book by 
remarking that the students who study ge- 
ometry from this text should learn many of the 
facts of geometry and develop some skill in 
proof, but they will gain very little insight into 
the logical principles upon which mathematical 
proofs are based. They will have no clear under- 
standing of the structure of geometry as a mathe- 
matical system. They probably will not be able 
to distinguish between defined terms and unde- 
fined terms. Nor will they be able to differenti- 
ate between assumptions, definitions, and 
theorems.—Charles Brumfiel, Ball State Teachers 
College, Muncie, Indiana. 


Plane Geometry for Colleges, L. J. Adams (New 
York: Henry Holt and Company, 1958). 
Cloth, x +214 pp., $3.50. 


According to the author, this textbook is 
designed “for use in a one-semester course in 
plane geometry for college students. It can be 
used to prepare the student for further work in 
mathematics or to serve as a terminal course in 
the subject.” Nothing is indicated as to whether 
it is assumed that the student has never studied 
geometry in high school or whether this is to be 
thought of as a “refresher course.”” (To be sure, 
one might be forgiven for asking why any stu- 
dent should be admitted to a college without 
having studied plane geometry in high school, 
but it is being done.) In any event, the book 
under consideration is likely to prove somewhat 
disappointing, chiefly because of its regrettable 
brevity and oversimplification. 

Succinctness is highly desirable, especially in 
a textbook on geometry. Many high school texts 
err in the opposite direction, running to five 
hundred pages or more, with more than an ample 
supply of original exercises. The present volume, 
however, is so brief and simple that one wonders 
how far a book should go in “talking down’”’ to 
the reader. It maly be assumed that the college 
freshman is at least considerably more mature 
than he was when in the tenth grade. It is there- 
fore reasonable to expect that, on the college 
level, the student of elementary plane geometry 
might really achieve what we have always hoped 
the high school pupil would gain from geometry, 


484 The Mathematics Teacher | October, 1958 


| 


namely, significant understanding of the nature 
of deductive reasoning; the distinction between 
inductive and deductive thinking; the nature of 
assumption, truth, and implication; the relation- 
ship between a theorem, its converse, inverse, 
and contrapositive; logical equivalence; types of 
indirect proof, and so on. 

To be sure, these matters are touched upon, 
but not at all with the emphasis which they de- 
serve. For example, only a little more than half 
a page is devoted to the discussion of converse, 
inverse, and contrapositive; less than a page is 
devoted to a discussion of indirect proof; the 
words “implication,” ‘‘inductive,” and “syllo- 
gism” do not appear in the index; there are no 
allusions to Euler circles or Venn diagrams; the 
existence of non-Euclidean geometries is dis- 
missed with two sentences (page 43). 

We note that the classical distinction be- 
tween “axioms” and “postulates” has been re- 
tained, which, while not a grievous sin, is at 
variance with general practice. We also find the 
admonition that “since so much of geometry is 
concerned with proving theorems, it is essential 
that the student attempt to develop a sctentifi- 
cally critical attitude [italics ours]. This attitude 
could very well carry over into other subjects 
and daily life situations.” 

This seems to us a bit fuzzy: if a “scientifi- 
cally critical attitude’ implies hypothetico- 
deductive reasoning, logical rigor, and axio- 
matics, the term would seem to be ill-chosen; if 
it implies informal, experimental, and intuitive 
procedures of discovery, there is little or none 


of this in the book. And as for carrying over 
deductive reasoning ‘into other subjects and 
daily life situations,’ that, too, is conspicuous 
for its absence or paucity. The nearest approach 
to “‘exercises in reasoning’”’ are three rather ill- 
advised problems (pages 70-71) of the ‘‘con- 
ductor, engineer, fireman, Brown, Jones, Smith, 
but not respectively” type. Interesting enough 
per se, they have but little connection with de- 
ductive geometry or logical reasoning as used in 
ordinary discourse. 

The book is well organized, being divided 
into nine chapters. These discuss, after the in- 
troduction, straight line figures; parallels; 
circles; loci and concurrent lines; similar poly- 
gons; areas; regular polygons; applications. The 
diminished emphasis on “construction prob- 
lems” is welcome, although we miss any sub- 
stantial treatment of inequalities. 

A number of other things can also be said in 
the book’s favor. The typography, general for- 
mat, and diagrams are refreshingly clear and 
attractive; the propositions selected for discus- 
sion and proof represent a commendable choice; 
the text and exposition are unusually crisp and 
readable. 

We have the uncomfortable feeling, however, 
that the book is admirably suitable for use in the 
eighth grade. If we are not altogether wrong in 
this judgment, this may be an unwitting com- 
mentary on the deplorable status of the general 
run of contemporary college freshman offerings. 
—W. L. Schaaf, Brooklyn College, Brooklyn, New 
York. 


The Mathematics Student Journal 


The solutions below are to problems appear- 
ing in The Mathematics Student Journal, Vol. VI, 
No. 1. 

Problem 123. Two black squares have been 
cut off the checkerboard. Thus 30 black and 32 
white squares remain. But each card covers one 
white and one black square. After placing 30 
cards on the board, 2 white squares remain. 
Since they are both white they cannot be 
neighbors and cannot be covered by a single 
card. 

Problem 124. It is possible to cement opposite 
sides of a rubber hexagon together, and the re- 
sulting shape is again a bicycle inner tube. The 
simplest way to see this is perhaps the following. 
Suppose an inner tube is made by cementing 
together opposite sides of the rectangle ABCD 
shown here. Now let cuts be made along the 
lines AO, CO, DO. Open out: a hexagon results. 

Please do not tell students the above solu- 
tion too quickly. They should have anywhere 
from a week to a month to ponder the problem. 
One might advise students to experiment with 
actual material—a rubber sheet, cloth, plastic, 
knitted material, or suchlike. 

Problem 125. Solution not published here. 
Students should send their work to Oscar Schaaf, 
University of Oregon. 


Solutions to the problems mentioned by Pro- 
fessor Ross of Notre Dame University can be 
obtained by sending a stamped, addressed 
envelope to him. 
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@ TIPS FOR BEGINNERS 


Edited by Joseph N. Payne, University of Michigan, Ann Arbor, Michigan, and 
William C. Lowry, University of Virginia, Charlottesville, Virginia 


Teaching digit problems in algebra 


by Dorothy Fish, Pandora-Gilboa High, School, Pandora, Ohio 


One of the important concepts in arith- 
metic is place value in our number sys- 
tem. Many students reach high school 
without a complete understanding of this 
basic characteristic of our system of nu- 
meration. That their understanding of 
place value is incomplete is shown when 
pupils have unusual difficulty with digit 
problems in algebra. To understand digit 
problems and their solution, the student 
must have a clear understanding of place 
value. 

Before introducing digit problems, I 
give a brief summary of the history of our 
number system. In the discussion, I point 
out the major developments of our num- 
ber system from the earliest tracings of 
the Babylonians down to the Hindu- 
Arabic system, in the perfected form 
which we use today. Information on the 
development of our decimal system can 
be found in any good history of mathe- 
matics. When students realize that the 
Egyptians, Romans, and other early 
scholars did not recognize the idea of posi- 
tional value to express numbers, they 
usually have more respect for the inven- 
tors of our system of numeration. 

Probably no better visual representa- 
tion of the idea of place value can be 
found than the abacus. A model can easily 


be made with a little wire, a small picture 
frame, and a bag of kindergarten beads. 
Freshman students enjoy using the abacus 
and it helps them understand the value 
represented by the digits in different posi- 
tions. For example, if 235 is represented on 
the abacus, it is quite clear that the digits 
2, 3, and 5 represent two hundreds, three 
tens, and five units, respectively. 

When the idea of place value is under- 
stood, the class is ready for digit prob- 
lems. I begin by using the abacus to illus- 
trate the change in value of a number by 
the reversal of its digits. After a few exam- 
ples, students find it easy to write the 
equations for the digit problem. After solv- 
ing the equations, I get some student to 
use the abacus to illustrate the solution to 
the class. 

I find the results more beneficial if there 
are several abacus models (possibly from 
the first-grade teacher) available so that 
different students can solve a problem at 
the same time. From my own experience 
the amount of effort and time formerly re- 
quired to explain digit problems in ele- 
mentary algebra has been greatly reduced. 
In addition, the students have a much 
richer appreciation of place value, and 
they have learned some interesting facts 
about the history of mathematics. 
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@® NOTES FROM THE WASHINGTON OFFICE 


Edited by M. H. Ahrendt, Executive Secretary, NCTM, Washington, D.C. 


Annual financial report 


Attached is a brief financial report of 
the Council for the fiscal year ending May 
31, 1958. When the budget for the year 
was made, all indications were that there 
would be a substantial financial loss. Two 
circumstances intervened to produce a 
small financial gain. The membership in- 


berships and subscriptions. The T'wenty- 
third Yearbook, Insights into Modern 
Mathematics, enjoyed a vigorous sale, 
bringing in an unexpectedly large in- 
come. This gain, coupled with the new 
dues, should give the Council financial 
stability for many future years and should 


make possible the implementing of desir- 
able but previously impossible projects. 


creased by 20 per cent during the year, 
sharply increasing the receipts from mem- 


Receipts and expenditures of The National Council of Teachers of Mathe- 
matics for the fiscal year, June 1, 1957-May 31, 1958 


1957 
RECEIPTS 
Memberships with THe Matuematics TEACHER subscriptions 
Memberships with The Arithmetic Teacher subscriptions......... 
Institutional subscriptions to THe MatHematics TEACHER... 
Institutional subscriptions to The Arithmetic Teacher 
Subscriptions to The Mathematics Student Journal 
Sale of advertising space in THE Matuematics TEACHER. . 
Sale of advertising space in The Arithmetic Teacher....... 
Interest on U.S. Treasury Bonds 
Net profit from conventions 
Miscellaneous 
Sale of publications 

Supplementary public ations, ete. 


$ 42,569.20 


June 1, Total cash resources 


$ 38,388. 
13,828.: 
16,164. 
10 , 808 . 
4,366. 
6,268. 
1,741.6 

375. 
301. 
92.28 


28,120. 
13,088.01 


Total receipts. . . $133 ,544. 
EXPENDITURES 

Washington office 

President's office 

Vice-Presidents’ office e xpense “ee 

Tue Maruematics TEACHER. 

The Arithmetic Teacher 

The Mathematics Student Journal. . . 

Committee work 

Travel by Board members ites’ 
Preparation and printing of yearbooks 
Preparation and printing of supplementary publications. 
Distributing ‘““As We See It” 

Storage and shipment of publications, miscellaneous... . 


$ 44,512. 
2,375. 
135. 
32,248. 
12,242. 
3,022.9: 
3,637 .0: 
3,133. 
11,436. 
8,077. 
1,255. 
693. 


$122,768. 


Total expenditures 


Increase in cash resources... . $10,775.88 


May 31, 1958—Total cash resources . $53 ,345 
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NCTM 


THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


Minutes of the Annual Business Meeting 


Hotel Cleveland, Cleveland, Ohio 
April 11, 1958 


Dr. Howard F. Fehr, President, called the 
meeting to order at 4:10 p.m. 


I. A motion was made, seconded, and passed to 
approve the minutes of the meeting of March 29, 
1957, as printed in the Journals. 


II. In his opening remarks, Dr. Fehr expressed 
his appreciation to his fellow officers, the Board 
of Directors, and the membership in general for 
the fine co-operation he had received during his 
administration. He stated further that the 
Council was continuing to make fine progress in 
meeting its objectives, this progress being due to 
the excellent work of the members. In addition, 
Dr. Fehr made the following announcements: 


A. The first printing of the Twenty-third 
Yearbook (5,000 copies) has been sold and 
a new printing authorized. This yearbook, 
Insights into Modern Mathematics, was 
under the editorship of Dr. F. L. Wren. 

. No yearbook is being published during 
1958; however, three yearbooks will be 
published in successive years beginning 
with 1959. 

. A new editor of The Mathematics Student 
Journal has been appointed to replace 
Dr. Max Beberman whose term expired. 
The new editor is Mr. W. W. Sawyer of 
Wesleyan College, Connecticut. A new 
format is being designed for the Journal 
which will enhance its attractiveness and 
make it easier to use and file. Dr. Beber- 
man was complimented for the work 
which he did during his term as editor. 

. The new Guidance Pamphlet has been 
completed and will soon be available. (See 
Part A. of the President’s report, page 
464 of Tue Marnematics TEACHER 
[October, 1957] and page 229 of The 
Arithmetic Teacher [November, 1957].) 
The title will be Mathematics People and 
a Good Life. The National Science 
Foundation is sponsoring the project and 
will print at least one million copies, which 
will be freely distributed. 


E. A special committee composed of Dr 
Philip Peak, Dr. Henry Van Engen, Dr 
F. L. Wren, and Dr. Robert E. Pingry 
Chairman, has been appointed to prepare 
a pamphlet on “The Role of The Na- 
tional Council of Teachers of Mathe- 
matics in Mathematics Education.” The 
first draft has just been presented to the 
Board. After a few changes this pamphlet 
will be published (by June 1) and dis- 
tributed. 

. The Board invited Dr. Daniel B. Lloyd 
to prepare a manuscript on the history of 
the Council. The manuscript was pre- 
sented at this session of the Board and 
has been referred to the Publications 
Board. 


III. Dr. Houston T. Karnes, Recording Secre- 
tary, gave a brief review of the actions of the 
Board during the past year. This review in- 
cluded items which were thought to be of inter- 
est to the members. The review follows: 


A. Last year it was announced that the dues, 
in all probability, would be raised. This 
was done at the 1957 Summer Meeting. 
The new rates, effective October 1, 1958, 
are as follows: 

1. The individual membership dues will 
be $5.00. This includes one Journal. 
Both Journals may be had for $8.00. 

. The student membership dues shall 
remain the same: $1.50 for one Journal 
and $2.50 for both Journals. 

3. The institutional subscription rates 
shall be $7.00 for each Journal or both 
Journals for $14.00 

. The new president will be the official 
representative of the Council at the 

International Congress in Edinburgh, 

Scotland, this summer. In addition, two 

other members will represent the Council. 

They are Dr. Howard F. Fehr and Dr. 

Bruce Meserve. 

. An Addressograph system is being in- 
stalled in the Central Office. This will 
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increase the efficiency of the office to the 

members and to related organizations. 

. The 1958-59 budget will not be presented 

here since it is published elsewhere in this 

issue. It is well to point out, however, 
that the general operation budget is 
$124,415.00. This figure represents an 
increase of some $23,000 over last year 
due to increased costs and an increase in 
membership. For the first time in several 
years, the budget is balanced without 
resorting to the Publications and Reserve 

Account. 

. Future Meetings: 

1. Summer, 1958, Greeley, Colorado. An 
excellent program has just been com- 
pleted under the direction of Vice- 
Chairman Alice M. Hach. 

. Christmas, 1958, New York City. The 
dates are December 29 and 30. This 
will give those in attendance an oppor- 
tunity to take part in the New Year 
festivities around Times Square. An 
excellent program is being prepared by 
Vice-Chairman Robert E. Pingry. 

3. Spring, 1959, Dallas, Texas. 

. Summer, 1959, University of Michi- 
gan. 

. Spring, 1960, Buffalo, New York 

. Summer, 1960, Salt Lake City, Utah. 

. Spring, 1961, Chicago, Illinois. 

. Since financial support for the work of 
the Secondary School Curriculum Com- 
mittee has not been found, the Board 
agreed to advance up to $10,000 so that 
the Committee could begin to work on 
the program which has been devised. This 
amount will not go far, but it will enable 
the Committee to produce, within a year, 
some of the most needed aspects of its 
program: particularly that phase dealing 
with grades seven, eight, and nine. There 
is still hope that the necessary money will 
be found to complete the entire study. 

. Yearbooks: 

1. The Twenty-fourth Yearbook, under 

the editorship of Dr. Phillip S. Jones, 

is due to be published in 1959. The 
title is Central Themes and Concepts. 

. The Twenty-fifth Yearbook, under the 
editorship of Dr. F. E. Grossnickle, is 
due to be published in 1960. The title 
is Arithmetic. 

. The Twenty-sixth Yearbook, under 
the editorship of Dr. Donovan A. 
Johnson, is due to be published in 
1961. The title is Evaluation. 

. Dr. Myron F. Rosskopf has been ap- 

pointed editor to plan and edit the March, 

1959, issue of The Bulletin of the National 

Association of Secondary School Princi- 

pals. This is by way of an invitation from 

the Association. It is the second invita- 
tion for such participation on the part 
of the Council. This issue will cover sig- 
nificant movements in Mathematics 
Education. 


IV. Mr. M. H. Ahrendt, Executive Secretary, 
gave the following brief report: 


A. As of April 1, 1958, the total membership 
of the Council had reached 19,500. This 
is a major increase over last year. Miss 
Mary C. Rogers and the Membership 
Committee were complimented for the 
fine work accomplished. 

. As of 4:00 p.m. (today) the total registra- 
tion for this meeting was 1,940. This is 
the largest meeting we have had. 

. Due to the growth and increased activity 
of the Council, the office staff has grown 
from two persons in 1951 to nine mem- 
bers in 1958. 

. The Council is presently housed in an 
office space of 800 square feet in the new 
NEA Building. Since these quarters are 
already cramped, office space of 1200 
square feet is promised for the coming 
fall. 

. The Secretary pointed out that in an 
operation of the Council’s proportions 
errors were bound to occur, especially in 
the membership lists. He invited all to 
inform him whenever errors occur. 

. Since the fiscal year of the Council does 
not end until May 31, no attempt was 
made to give a complete financial report. 
Such a report will be published in a fall 
issue of the two Journals. The Secretary 
did indicate, however, that general opera- 
tions would not require as much from the 
reserve account as was anticipated when 
the current budget was approved. 

. Five new pamphlets were added to the 
list of Supplementary Publications during 
the year. 

. The Secretary stated that the Editorial 
Staff of the N.E.A. had been of great help 
to him during the past year. 

In closing, the Secretary paid his compli- 
ments to the outstanding work of the 
State Representatives during the year. 


V. Dr. Clifford Bell, Chairman of the Nominat- 
ing and Election Committee, gave the following 
report of the recent balloting: 


President: Dr. Harold P. Fawcett 
Vice-President for Senior High School: Miss 
Ida May Bernhard 
Vice-President for Elementary School: Dr. 
E. Glenadine Gibb 
Directors: Mr. Frank B. Allen 
Dr. Burton W. Jones 
“Dr. Bruce E. Meserve. 


VI. Dr. Fehr introduced the new officers and 
Directors as declared elected by Dr. Bell. 


VII. Dr. Milton W. Beckmann, Chairman of 
the 1959 Committee on Nominations and Elec- 
tions, invited the members to send in recom- 
mendations. The vacancies to be filled are: Vice- 
President for College, Vice-President for Junior 
High School, and three Directors. 


Minutes of the Annual Business Meeting 489 


| 
¢ 
( 
I 
I 
{ ( 
H 


VIII. Under the heading of New Business there 
was a discussion concerning an approach toward 
the uniformity of mathematical symbolism. 
Although there was no motion, several suggested 
that the Board take this matter under advise- 
ment. 


IX. In his closing remarks, Dr. Fehr again ex- 
pressed his appreciation to the officers, directors, 
editors, committee chairmen, committee mem- 
bers, and the membership at large for the won- 
derful co-operation and help which he had re- 
ceived during his administration. 


X. Report of the Resolutions Committee, 
composed of Dr. Phillip 8. Jones and Dr. H. 
Vernon Price, Chairman. Dr. Price gave the 
following report: 


WHEREAS the local committees listed in 
your convention program have assumed most 
of the responsibility for arrangements with 
hotels, schools, and industry, and 


The 1958 budget 


The Budget Committee for 1958 was 
composed of Miss Agnes Hebert, Mr. 
Jackson B. Adkins, and Dr. Houston T. 
Karnes, Chairman. Under the directive of 
President Howard F. Fehr, the committee 
met at the Central Office in Washington 
during the week end of January 25, 1958. 
It was President Fehr’s wishes that the 
committee work out a proposed budget in 
the meeting at the Central Office and 
circulate the proposed budget to the 
members of the Board at least one month 
prior to the annual meeting. In view of the 


RECEIPTS 


Memberships and subscriptions. . 
MSJ Subscriptions........... 
Advertising in journals 

Interest on U.S. Treasury bonds 


Total. ... 


Wuereas the magnitude of these tasks 
and the cheerful efficiency with which they 
have been executed are obvious to all of us in 
attendance at this the largest meeting in the 
history of the Council, 

THEREFORE, be it resolved that The 
National Council of Teachers of Mathe- 
matics acknowledge in this open and public 
meeting its indebtedness and appreciation 
to the teachers of the Cleveland area and to 
the Greater Cleveland Mathematics Club in 
particular for their efforts in making this 
convention a memorable success. 


A motion was made and seconded to adopt 
the resolution presented by the Committee. The 
motion was passed unanimously by a standing 
ovation. 


XI. There being no further business, the meet- 

ing was duly adjourned at 4:50 p.m. 
Respectfully submitted, 
Houston T. Karnes, 
Recording Secretary 


importance of the budget, the committee 
feels that the method followed this year 
is most desirable. The committee had the 
fine services of Executive Secretary M.H. 
Ahrendt, and the availability of all the 
important records in the Central Office. 
The budget was discussed at the Annual 
meeting of the Board on April 8, at Cleve- 
land, Ohio. The budget as adopted by the 
Board is submitted below. Few changes in 
the report were made by the Budget Com- 
mittee. The adopted budget is predicated 
upon the new dues as of October 1, 1958. 


$113,040 


$124,415 $124,415 
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EXPENDITURES 


Washington Office 
Executive Secretary 


Special benefits. . . 
Office expenses. . 
Membership work 


President’s Office 
Office expense. . 


Special Projects Fund. 


Total.... $ 3,200 

Vice-Presidents 
Postage and secretarial help ($100 each). . 400 
400 


THe MatTHematics TEACHER 


Printing and mailing 
Editorial and office expense. . 
Travel, Editor 


Tete... 


The Arithmetic Teacher 


Printing and mailing... 
Editorial and office expense 
Travel, Editor 


Total. . 
The Mathematics Student Journal 


Printing and mailing..... 
Editorial and office expense 
Travel, Editor 


Other 
Affiliated Groups (travel of chairman to 
Annual Meeting and for Newsletter)... 
Committee work 
Travel, Directors 


Total. . 
Reserve... 


Total 


Tora, EXPENDITURES $124,415 
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| | | 
Secretarial and clerical help 
1,000 
500 
. $ 54,600 
| $1,500 
4, 500 
500 
. $ 32,000 
: 1,000 
250 
500 
2,500 
4,000 
7,965 


Minutes of the Ninth Delegate Assembly 


Hotel Cleveland, Cleveland, Ohio 
April 9-12, 1958 
Edited by Elizabeth Roudebush, Seattle Public Schools, Seattle, Washington 


The Ninth Delegate Assembly for Affiliated 
Groups of The National Council of Teachers of 
Mathematics met in the Rose Room of the 
Hotel Cleveland, Cleveland, Ohio, at 9:00 a.m., 
April 10, 1958, with Chairman Elizabeth J. 
Roudebush presiding. 

Dr. Howard F. Fehr, President of The 
National Council of Teachers of Mathematics, 
spoke to the group, emphasizing the National 
Council’s position in providing strong leader- 
ship in developing the modern mathematics cur- 
riculum. He pointed out the change in empha- 
sis from rote learning to concept building, stress- 
ing that mathematics courses will contain some 
new mathematics. The most important change 
will be a new point of view toward the subject 
itself. The mathematicians, the mathematics 
educators, and the secondary school teachers 
have a definite responsibility in making mathe- 
matics a more meaningful subject. 

The delegates and alternates were introduced 
by their respective regional representatives. 


How WE PUBLISH OUR NEWSLETTER 


A panel of four newsletter editors discussed 
“How We Publish Our Newsletter.” Mrs. 
Adeline Riefling, St. Louis, Missouri, panel 
moderator, reviewed the main purposes and 
methods of producing a newsletter. She shared 
her experiences as editor of the Missouri News- 
letter, indicating the problems of collecting ma- 
terial and reproducing it. 

Clarence H. Heinke, Capital University, 
Columbus, Ohio, editor of the Ohio Newsletter, 
discussed the content and publication of two 
issues per year. Their newsletter reviews impor- 
tant papers presented at mathematics confer- 
ences and announces programs for the coming 
meetings. The Ohio Council of Teachers of 
Mathematics prints about 1200 copies at a cost 
of from $65 to $105 per issue and uses some 
copies of the newsletter to aid in getting new 
members. 

Gertrude Hendrix, University of Illinois, 
Urbana, Illinois, discussed problems involved in 
offset printing of 800-850 copies of the Illinois 
Newsletter. The cost of the four issues ranges 
from $75 to $120 per issue, depending on size. 
They are experimenting, at present, in selling 
advertising space to help cover the cost of pub- 
lishing. 


Madeline Messner, Abraham Clark High 
School, Roselle, New Jersey, gave a brief résumé 
of the fourteen years of publishing the New 
Jersey Newsletter. They have three issues, with 
1500 copies costing approximately $250 per 
issue. Commercial advertising covers the cost of 
one issue. They have an editorial board with 
each level of teaching represented. 

C. E. Flanagan, Wisconsin State College, 
Whitewater, Wisconsin, reported that the Wis- 
consin Newsletter is published three times a 
year. He is assisted by an editorial committee 
of three. The secretary of the Wisconsin Mathe- 
matics Council prepares the gummed address 
labels. They print about 200 copies at a cost of 
$50 per issue. 


UsEs OF MATHEMATICAL CONTESTS 


John C. Bryan, North High School, Omaha, 
Nebraska introduced L. G. Yoder, East 
Palestine, Ohio. Mr. Yoder, of the Yoder Instru- 
ment Company, described a local, project-type 
of mathematical contest carried on at East 
Palestine. He said that we must develop better 
scientists and engineers if we are to survive and 
that mathematics teaching plays a very impor- 
tant part in this problem. Prizes are used to 
stimulate interest. Good newspaper publicity 
for the contest serves as a means of making 
mathematics more important to both students 
and citizens of the community. 

Daniel B. Lloyd, District of Columbia 
Teachers College, Washington, D. C., discussed 
the 80-minute, objective-type test prepared 
under the auspices of the Mathematics Associ- 
ation of America, which is used to determine 
outstanding mathematics students in high 
schools participating in the contest. Approxi- 
mately 85,000 students competed in this contest 
in 1958. He emphasized the danger in carrying 
any type of contest to extremes. 


COMMITTEE REPORTS 


Curriculum. Frank B. Allen, Lyons Township 
High School and Junior College, La Grange, 
Illinois, reported that the Secondary School 
Curriculum Committee has organized its work 
into ten specific areas of curriculum study. He 
emphasized the need for financial assistance to 
earry on the work of these subcommittees. The 
help and encouragement of the membership is 
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vital to the progress of the committee at this 
time. 


Television. Joe Hooten, Florida State University, 
Tallahassee, Florida, told of some of the obsta- 
cles that the Television Committee is facing. 
Although the work of the committee is in its 
initial stage, the following recommendations 
were made: 


1. That a subcommittee be appointed to experi- 
ment and study the effectiveness of teaching 
by television. 

2. That a study be made of the effectiveness of 
television as a promotional agency for mathe- 
matics. 

. That space be made available for use of this 
committee in the National Council journals. 

. That financial help be solicited, subject to 
approval of the National Council. 


Supplementary Publications. Henry Swain, New 
Trier Township High School, Winnetka, Illinois, 
told the group that this committee had charge 
of all publications of The National Council of 
Teachers of Mathematics except the yearbooks 
and the journals. The committee solicits and 
edits articles for publication. He asked the help 
of the Delegate Assembly in securing manu- 
scripts, listing timely topics, and suggesting 
people to write for future publications. 


Membership. Mary C. Rogers, Roosevelt Junior 
High School, Westfield, New Jersey, gave a very 
enthusiastic report concerning the membership 
growth and the future goals of The National 
Council of Teachers of Mathematics. The mem- 
bership February 1, 1958 was 18,324, with an 
estimated membership of 19,500 today. Mem- 
bers were urged to work for continued growth in 
the organization. 


Report from Puerto Rico. Francisco Garriga, 
University of Puerto Rico, discussed the or- 
ganization of a Council of Teachers of Mathe- 
matics in Puerto Rico. He expressed appreci- 
tion to Dr. Howard F. Fehr for his help during 
the time he spent in Puerto Rico. They have 
applied for affiliation with The National Council 
of Teachers of Mathematics. 


Dues. M. H. Ahrendt, Executive Secretary of 
The National Council of Teachers of Mathe- 
matics, explained the new schedule of dues and 
the need for the schedule. 


Invitation from Dallas. A. W. Harris issued a 
cordial invitation to the members of the Na- 
tional Council to the Dallas meeting April 1-4, 
1959. 


Miss Roudebush expressed her appreciation 
to all who participated in the meeting. The meet- 
ing of the Ninth Delegate Assembly adjourned 
at noon. 

Respectfully submitted, 

Grace Arbogast, 

Mildred B. Cole, 

Secretaries of Delegate Assembly 


The following people were chosen by their 
local groups as delegates and alternates to the 
Delegate Assembly. Where two names are 
listed, the first is the delegate, and the second 
one the alternate. 


Arkansas Council of Teachers of Mathematics 
Miss Dorothy Long, Arkansas Teachers Col- 
lege, Conway, Arkansas 
California Mathemaiics Council 
Marian C. Cliffe, 1457 Winchester Avenue, 
Los Angeles 1, California 
John D. Hancock, Capuchino High School, 
San Bruno, California 
John Forster, 351 North Highland Place, 
Alhambra, California 
Colorado Council of Teachers of Mathematics 
Forest Fisch, Colorado State College, Greeley, 
Colorado 
Delaware Council of Teachers of Mathematics 
Russell Dineen, Wilmington High School, 
Wilmington, Delaware 
District of Columbia Teachers of Mathematics 
Daniel Lloyd, D. C. Teachers College, Wash- 
ington, D. C. 
Miss Jane Hill, 3051 Harrison Street N.W., 
Washington 12, D. C. 
Benjamin .Bannekar Mathematics Club 
Mrs. Juanita S. Tolson, 723 Jefferson Street, 
N.W., Washington, D. C. 
Florida Council of Teachers of Mathematics 
J. Richard Sewell, 1017 Aloma Avenue, 
Winter Park, Florida 
Dade County Council of Teachers of Mathematics 
Michael Kambour, 2240 8S. W. 80th St., 
Miami, Florida 
Pinellas County Council of Teachers of Mathe- 
matics 
Mrs. Carol 8S. Scott, 1190 8th Street North, 
St. Petersburg, Florida 
Miss Ruth T. Reynolds, 701 Ft. Harrison 
Avenue, Clearwater, Florida 
Georgia Council of Teachers of Mathematics 
Miss Amabel Landsell, Tukman Junior High 
School, Augusta, Georgia 
Illinois Council of Teachers of Mathematics 
LeRoy Sachs, Cahokia-Commonfields High 
School, Range & Jerome Lane, East St. 
Louis, Illinois 
Miss Ruby Cooper, 1218 Jersey, Quincy, 
Illinois 
Chicago Elementary Teachers Mathematics Club 
Joseph J. Urbancek, 1112 Grant, Evanston, 
Illinois 
Men’s Mathematics Club of Chicago and Metro- 
politan Area 
Bro. Norbert, C.S.C., Holy Trinity High 
School, 1443 W. Division Street, Chicago, 
Illinois 
Women’s Mathematics Club of Chicago and 
Vicinity 
Miss Maude Bryan, 3108 Haussen Court, 
Chicago 18, Illinois 
Indiana Council of Teachers of Mathematics 
Mrs. Eleanor Guyer, Southport High School, 
Southport, Indiana 
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Gary Council of Teachers of Mathematics 
Harold R. Jones, 4617 Delaware Street, Gary, 
Indiana 
Miss Olive Leskow, 234 West 49th Avenue, 
Gary, Indiana 
Iowa Association of Mathematics Teachers 
Dr. Ross Nielsen, Laboratory School, I.S.T.C. 
Cedar Falls, 
Kansas Association of Teachers of Mathematics 
Miss Gertrude Welch, Shawnee- Mission High 
School, Merriam, Kansas 
Wichita Mathematics Association 
Dr. Lottchen Hunter, 1706 N. 
Wichita 4, Kansas 
Louisiana-Mississippi Branch of the National 
Council of Teachers of Mathematics 
Mrs. A. H. Wehe, 6202 Goodwood Avenue, 
Baton Rouge, Louisiana 
Mathematics Section of the Maryland State Teach- 
ers Association 
Mrs. Margaret A. 
Maryland 
Alfred E. Culley, 3710 Lochearn Drive, Balti- 
more 7, Maryland 
Mathematics Teachers of Prince George's County 
Gordon A. Patterson, Surrattsville Junior- 
Senior High School, Clinton, Maryland 
Michigan Council of Teachers of Mathematics 
Miss Catherine Meehan, 2772 Military, Port 
Huron, Michigan 
Detroit Mathematics Club 
Sigfrid Anderson, 14845 Mark Twain, Detroit 
Missouri Council of Teachers of Mathematics 
Mrs. Adeline A. Riefling, 3507 Hawthorne 
Boulevard, St. Louis 4, Missouri 
Nebraska Section—National Council of Teachers 
of Mathematics 
John Bryan, Omaha 
Omaha, Nebraska 
David Wells, University of Nebraska, Lin- 
coln, Nebraska 
The Association of Teachers of Mathematics in 
New England 
Jackson B. Adkins, Box 49, Exeter, New 
Hampshire 
Prof. Henry W. Syer, Boston University 
School of Education, 332 Bay State Road, 
Boston 
Association of Mathematics Teachers of New 
Jersey 
Mrs. Lina Walter, State Teachers College, 
Paterson, New Jersey 
Max A. Sobel, State Teachers College, Mont- 
clair, New Jersey 
Association of Teachers of Mathematics of New 
York State 
Mrs. Dorothy Lape, 315 Washington High- 
way, Buffalo, New York 
Mrs. Miriam Howard, Phelps Central School 
Phelps, New York 
Association of Teachers of Mathematics of New 
York City 
Dr. Samuel Greitzer, Bronx High School of 
Science, 120 E. 184th Street, Bronx 53, 
New York 
Nassau County Mathematics Teachers Association 
Mrs. Florence Elder, West Hempstead 


Market, 


Bowers, Marriottsville, 


North High School, 
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Junior-Senior High School, West Hemp- 
stead, New York 
Ohio Council of Teachers of Mathematics 
Miss Helen Brown, Steubenville High School, 
Steubenville, Ohio 
Mathematics Club of Greater Cincinnati 
Mrs. Helen 8S. Walter, 522 Overhill Lane, 
Cincinnati 38, Ohio 
Greater Cleveland Mathematics Club 
Mrs. Helen J. Scheu, 7802 Wainstead Drive, 
Parma, Ohio 
Richard Keuchle, 3573 
Shaker Heights 22, Ohio 
Greater Toledo Council of Teachers of Mathe- 
matics 
Joseph Jordan, Maumee High School, Mau- 
mee, Ohio 
Oklahoma Council of Teachers of Mathematics 
Coy Pruitt, Tulsa, Oklahoma 
Oklahoma City Mathematics Teachers Council 
Miss Norma Louise Jones, 1508 8. W. 43rd., 
Oklahoma City 19, Oklahoma 
Oregon Council of Teachers of Mathematics 
Mrs. Lyle Mary Wheeler, Astoria Public . 
Schools, Astoria, Oregon 
Pennsylvania Council of Teachers of Mathematics 
Dr. Catherina A. V. Lyons, 12 8. Fremont 
Avenue, Pittsburgh 2, Pennsylvania 
Mathematics Council of Western Pennsylvania 
Earle F. Myers, University of Pittsburgh, 
Pittsburgh, Pennsylvania 
John C. Knipp, University of Pittsburgh, 
Pittsburgh, Pennsylvania 
Association of Teachers of Mathematics of Phila- 
delphia and Vicinity 
Miss Kathryn Clark, Girls High School, 
Philadelphia, Pennsylvania 
Texas Council of Teachers of Mathematics 
Arthur W. Harris, 4701 Cole Avenue, Dallas 
Greater Dallas Mathematics Association 
Arthur W. Harris, 4701 Cole Avenue, Dallas 
Houston Council of Teachers of Mathematics 
Mrs. Thelma Hammerling, 1502 Fairview, 
Houston 6, Texas 
Utah Council of Teachers of Mathematics 
Miss Eva Crangle, West High School, Salt 
Lake City, Utah 
Mathematics Section, Virginia Education Asso- 
ciation 
Colonel William Mack, Douglas Freeman 
High School, Richmond, Virginia 
Arlington County Council of Teachers of Mathe- 
matics 
Mrs. Mary D. Campbell, 608 North Lincoln 
Street, Arlington 1, Virginia 
Miss Alice R. Bolton, 1101 North Kenilworth 
Street, Arlington 5, Virginia 
Washington State Council of Teachers of Mathe- 
matics 
Robert Willson, Eisenhower High School, 
Yakima, Washington 
Puget Sound Council of Teachers of Mathematics 
Miss Elizabeth Roudebush, 815 4th Avenue 
North, Seattle 9, Washington 
Wisconsin Mathematics Council 
Prof. C. E. Flanagan, Whitewater State Col- 
lege, Whitewater, Wisconsin 


Normandy Road, 
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Nineteenth Christmas Meeting 


Hotel Sheraton-McAlpin, New York City 


December 29, 30, 1958 


The Christmas meeting of the Council 
will be held in the Hotel Sheraton-Mc- 
Alpin, Broadway at 34th Street in New 
York City. Outstanding leaders in the 
field of mathematics and mathematics 
education will appear on the program and 
will discuss important and timely topics. 

Dr. James B. Conant, former President. 
of Harvard University and United States 
High Commissioner for Germany, will be 
the speaker at the general session on Mon- 
day evening, December 29. Dr. Conant 
has recently been engaged in a study of the 
American high school. He will speak on 
the subject, ““The Place of Mathematics 
in the Comprehensive High School.” 

At the banquet on Tuesday evening, 
Dr. C. V. Newsom, President of New York 
University, will give the address. Dr. 
Newsom will speak on a timely topic on 
mathematics education in America. 

Dr. Albert Meder, Jr., will give the 
opening address on Monday morning on 
the topic, “Sets, Sinners, and Salvation.” 
Dr. Meder has recently completed his 
work as Executive Director of the Com- 
mission on Mathematics of the College 
Entrance Examination Board. Since this 
commission is publishing a report during 
the last part of 1958, Dr. Meder’s re- 
marks will be of special interest. 

Because of the tremendous interest of 
mathematics teachers and others in the 
problems of -revising the high school 
mathematics curriculum, one general ses- 
sion and several special sections will be 
directly on these problems. On Tuesday 
morning, December 30, Frank Allen, who 
is chairman of the Council’s Committee on 
the Secondary School Curriculum, will be 


the speaker. He will discuss the subject, 
“The Teacher’s Role in Curriculum De- 
velopment.” Following this address, Pro- 
fessors Max Beberman, Robert E. K. 
Rourke, Warwick W. Sawyer, and Robert 
Davis will hold a panel discussion-debate 
on the topic, “The High School Curricu- 
lum in Mathematics Ten Years from 
Now.”’ At this session several issues relat- 
ing to aims and methods of mathematics 
instruction will be discussed. 

Many schools are also planning on the 
separation of their students into special 
classes for special instruction in mathe- 
matics. This operation requires that 
careful selections be made. Sheldon Myers, 
of the Educational Testing Service, is 
going to discuss “Problems and Proce- 
dures for Selection of Students for Various 
Mathematics Programs.” 

College teachers will be interested in 
hearing Dr. Albert A. Bennett present his 
ideas on “College Freshman Mathematics 
Courses,”’ and Dr. William L. Duren dis- 
cuss “What Changes in Mathematics 
Curriculum Should Colleges Be Making?” 

Elementary teachers can hear Dr. M. L. 
Hartung, Dr. Vincent Glennon, Dr. 
Nathan Lazar, and others. Papers will be 
presented on ‘Distinguishing Between 
Basic and Superficial Ideas in Arithmetic,” 
“Tssues Relative to Arithmetic for the 
Gifted,” “A Preliminary Report on Ex- 
periments in Teaching Arithmetic in the 
Primary Grades,” “Possible Misuses of 
Multisensory Aids,” and “Providing Men- 
tal Arithmetic Experiences.” 

Dr. Fred Weaver, who is chairman of 
the Council’s Committee on the Elemen- 
tary School Curriculum in Mathematics, 
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is organizing one section to report the 
activities of that committee. 

Several interesting papers on the prob- 
lems of mathematics teaching at the 
junior high school level will also be pre- 
sented. Dr. M. L. Keedy, of the University 
of Maryland, will tell of the “University 
of Maryland Mathematics Project (Junior 
High School).”” Papers will also be pre- 
sented on “‘Algebra in the Eighth Grade,” 
“Issues in Junior High School Mathe- 
matics,” “Set Your Sights Above the 
Average,” and “Preparation for Algebra.” 

At one section, reports will be given on 
the activities of government and profes- 
sional groups on the improvement of 
mathematics teaching. At this section Dr. 
John Mayor of the A.A.A'S. and Dr. 
E. G. Begle of the Yale University School 
Mathematics Study Group will present 
reports of the work of these groups. 

Other sections will be on the topics 
“Calculus in the High School,” “Prob- 
ability and Statistics for High Schools,” 
“What Algebra Should Be Taught in 
High Schools?” “What Geometry Should 
be Taught in High Schools?” Research 
sections and teacher education sections 
will also be held. 

The publishing companies and other 


commercial organizations will exhibit the 
latest in textbooks, teaching aids, and 
equipment. The film committee is plan- 
ning a showing of the latest films for use 
in mathematics teaching, and exhibits of 
mathematics projects by students from 
various schools will be made. 

New York City mathematics teachers 
have long desired to entertain the mem- 
bers of the National Council at a meeting, 
and they are working hard to make this a 
profitable and pleasant meeting. Trans- 
portation to the world’s greatest city is 
convenient, so the attendance should 
be large. If you like to combine business 
with pleasure, you may also wish to get a 
ticket to a Broadway show, take a guided 
tour, ride the Staten Island ferry boat (the 
world’s biggest nickel’s worth), or plan 
to see Time’s Square on New Year’s Eve. 

These are exciting days for mathematics 
teachers. Rapid strides forward are being 
made, and excellent ideas are being pre- 
sented with great frequency. You can ill- 
afford to miss so important a professional 
meeting if you want to keep abreast of the 
rapidly changing events in the world of 
mathematics teaching. 

R. E. Pinery, University of Illinois 
Program Chairman 


Report of 1958 election of officers 


The official count of the results of the 
election for officers and directors of the 
Council has been completed by the Rem- 
ington-Rand Corporation. A report of the 
count has been transmitted to the presi- 
dent of the Council, to the Chairman of 
the Committee on Nominations and Elec- 
tions, to the Executive Secretary, and to 
the Board of the National Council. 

The official count shows that the follow- 
ing persons were elected: 


President: Harold P. Fawcett 
Vice-President for Senior High School: 
Ida May Bernhard 


Vice-President for Elementary School: 
E. Glenadine Gibb 

Directors: 
Frank B. Allen, Central Region 
Burton W. Jones, Southwest Region 
Bruce E. Meserve, Northeast Region 


It should be explained that in many 
cases the difference in votes was small. All 
candidates received substantial numbers 
of votes. A total of 3,675 ballots was cast. 

Respectfully submitted, 
Currrorp Chairman, 
Committee on Nominations 
and Elections 
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Report of the Membership Committee 


Mary C. Rogers, Chairman, Membership Committee, 
Edison Junior High School, Westfield, New Jersey 


This has been a remarkably successful 
year in National Council membership 
growth. Needless to say, we are very 
happy about it. We are confident that all 
of you, our current members, share this 
feeling with us. 

This reaction on your part was very 
evident last April at the Annual Meeting 
in Cleveland. It was your keen enthusiasm 
about the rapid growth of the Council in 
numbers and in practical services; your 
repeated remarks about “National Coun- 
cil’s skyrocketing membership”; your 
offers of direct assistance toward further 
growth which convinced us that our for- 
mer goals, although exceptionally high, 
had not been too ambitious and that we 
should raise our sights still higher in our 
plans for future achievements. 

There seemed to be an almost universal 
opinion at the Convention that the 25,000 
total membership goal, set for us by Dr. 
Howard F. Fehr and the National Council 
Board in April 1957, could and should be 
reached by May 1, 1960 rather than by 
May 1, 1962 as originally, planned. In light 
of past achievement, this increase seems 
reasonable and quite possible to attain. 

Our membership total as of May 1, 
1958 was 19,497: an increase of 3,316 
during the previous year. To achieve 
25,000 total membership by May 1, 1960 
will necessitate an average annual increase 
of about 2,750 members. 

True, there is the matter of increased 
dues for all but the Junior Members. You 
already have been informed of these in- 
creases in the January 1958 issues of THe 
MaTHEMATICS TEACHER and The Arith- 
metic Teacher and through direct com- 
munication from our Washington Office. 
We do not believe these increased dues 


will have any marked effect on member- 
ship maintenance and membership growth. 
Such has been the expressed opinion of 
many mathematics teachers throughout 
the country. 

With current stress being laid on the 
improvement of mathematics education at all 
levels; with the greatly enhanced interest of 
the general public in such improvement; 
with the urgency for change in the con- 
tent and point of view in keeping with 
modern mathematics already being felt in 
our own classroom situations, it naturally 
follows that the great majority of mathe- 
matics teachers feel a strong need for 
expert advice. In increasing numbers, they 
are looking to the National Council for 
this assistance. Let us seize every oppor- 
tunity to interest these teachers and their 
administrators in the fine services which 
the Council has to offer. 


RECORD OF MEMBERSHIP GROWTH 


In making our report to you, our com- 
mittee has decided to speak of the goals as 
the “17,000 goal,” the “19,000 goal,” the 
“21,000 goal”’ rather than designating any 
specific year for reaching these goals. We 
recognize May 1, 1960, however, as the 
ultimate date for reaching the 25,000 
total. Although most states are well be- 
yond the “17,000 goal” and the “19,000 
goal,”’ we have included them in the anal- 
ysis because the April 1958 goal set in 
April 1957 was 17,000. 

In this report, our analyses use the 
“21,000 goal” as a maximum for com- 
parative purposes at this time. It seems 
quite reasonable, however, that this maxi- 
mum should be surpassed by May 1959 
if we are to arrive at the 25,000 total by 


May 1960. 
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The present over-all picture shows we 
have already reached 93% of the 21,000 
total; 31% of our states and territories 
have now gone beyond their quotas in 
this total; 23% of our states have attained 
90%-99% of such goals. 

This is an excellent beginning for the 
new year. We suggest that those who 
have not reached their ‘21,000 quotas” 
work toward these quotas in the near 
future, while the others aim at a higher 
goal. Later on this year, you will be in- 
formed of a suggested higher goal for all 
states. Does this meet with your approval? 

Based on the 17,000 goai originally 
planned for April 1, 1958, 75% of all 
states and territories had already reached 
their goals or gone beyond them by 
May 1, 1958. These states and territories 


are: 


299% 
177% 
167% 
145% 
143% 
141% 
135% 
133% 
132% 
132% 
131% 
130% 
129% 
129% 
126% 
125% 
123% 
122% 
121% 
119% 
117% 
117% 
116% 
114% 
113% 
112% 
112% 
112% 
111% 
108% 
107% 
107% 
107% 
103% 
102% 


. Oregon... 

. Nevada.. 

. California. . 
5. Montana. . 

3. Canada... 


. Florida..... 

. Michigan 

. South Dakota. 

. Connecticut... . 


3. New Hampshire. . 
. Wyoming....... 
. New York..... 

. Washington... 
. Oklahoma..... 
. Pennsylvania. . 
. Colorado. . . 

. New Jersey. . 


. Louisiana... 
. Maryland. 
. Illinois 
7. Kentucky. . 

. Mississippi 
. Hawaii & U. S. Poss... .. 
. Rhode Island 
. Georgia... 

32. Kansas... 

33. Massachusetts. 
. Delaware. . 
. Minnesota. . 
. Foreign 102% 
. District of Columbia 101% 
. New Mexico. 101% 


Based on this same 17,000 goal, mem- 
bership achievement in 20% of all states 
shows 85%-99% of established goals: 

. Wisconsin. . 

. Missouri..... 

Alabama. . 

Vermont... . 

Indiana 


Nebraska. . 
North Dakota. . 


States AND Territories Having REACHED 
TuHetr Goats or Gone Beronp THEM 
(Based on the 19,000 goal) 


. Arizona... 

. Oregon... 

. Nevada. . 

. California... 
. Montana... 
. Canada.... 
. Florida...... 
. Michigan... . 
. Connecticut 


267% 
158% 
147% 
130% 
128% 
126% 
119% 
118% 
117% 
117% 
117% 
115% 
115% 
115% 
113% 
112% 
109% 
109% 
108% 
107% 
105% 
105% 
104% 
102% 
101% 
100% 
100% 


. South Dakota......... 
. New Hampshire... 

. Utah.. 

Wyoming. 

. New York.... 

. Washington.... 

. Oklahoma 

. Pennsylvania... 


. Louisiana.... 
. Maryland... 
. Illinois... . 

. Kentucky 


MEMBERSHIP ACHIEVEMENT 85%-99% 
(Based on the 19,000 goal) 


. Mississippi. . 
. Hawaii & U. 8. Poss. 
Rhode Island . 


Delaware. . 

+0. 
. Foreign 

. District of Columbia.... . 


PRN 


New Mexico. . 
. Wisconsin. . . 
. Virginia... 
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} 
88% 
‘ennessee...... 85% 
2 j F 
4 
11 
12 
13 
7. Idaho 14 
8 15 F 
10 17 <r 
1 21. New Jersey... 
; 26 
2 
99% 
96% 
lassachusetts. . 96% 
92% 
92% 
91% 
10 90% 
12 90% 
13 or 88% 
14 
{ 


STATES AND Trerrirorips Havinc Leapers IN Mempersuip Torars 
Tuetr Goats or GonE Beyonp THEM (Not including subscriptions) 
(Based on the 21,000 goal) 
. New York 


. Arizona. ... Illinois 

. Oregon...... . 143% . Pennsylvania 
Nevada. . California. . . 
. California... . 
Montana... 115% 
Canada... 114% 
. Florida... 108% . New Jersey. . 
Idaho... . 108% . Indiana. . . 

. South Dakota 108% . Florida.... 

. Michigan 107% . Massachusetts 
. Connecticut... .. 106% . Wisconsin... . 
. Wyoming....... 106% 3. Minnesota... 

. New Hampshire. . 104% . Virginia... .. 
+" 104% 5. Kansas... 

» New York....... 102% 

. Washington... 101% 


te 


—— 


LEADERS IN MEMBERSHIP GROWTH 
(Including subscriptions) 


MEMBERSHIP ACHIEVEMENT 85%-99% 
(Based on the 21,000 goal) 


. Pennsylvania 99% 
97% 
3. Oklahoma. . 97% 

. Colorado. . . 96% 

. New Jersey. 95% 

RO... . Massachusetts... . 

. Louisiana.... 9: 2. Oklahoma 

Illinois. ‘ 3. Connecticut. . 

. Kentucky. . 

Maryland . . Louisiana.... 

2. Mississippi. . 
3. Hawaii & U.S 

. Georgia. . 

Srares AND TERRITORIES WITH GREATEST 

Massachusetts. . Per Cent or Grown Since May 1, 1957 


. Rhode Island. . 

Wyoming 9. Ohio 
Rhode Island 10. Idaho 
Montana 11. Louisiana 
Michigan 12. Kansas 
Kentucky 13. Minnesota 
Oklahoma 14. West Virginia 
. Illinois 15. Florida 
. Connecticut 16. New Jersey 


. California. . . 
. Pennsylvania. . 
New Jersey... 


SONS 


LEADERS IN MEMBERSHIP TOTALS 
(Including subscriptions) 

New York. 

Illinois... . 

. California... . 


STATES AND TERRITORIES 
witH ContTINUOUS GROWTH 


(Since May 1, 1957) 


Alabama 9. Missouri 
California 10. Nebraska 
Delaware 11. New Hampshire 
Iowa 12. North Dakota 
Kentucky 13. Oklahoma 
Louisiana 14. Texas 

. Massachusetts 15. Washington 

. Michigan 16. Wyoming 


& 


3. Minnesota...... 
. Virginia 
5. Foreign 
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200 
1177 
825 
657 
631 
534 
; 454 
418 
. 409 
327 
| 322 
312 
308 
New York 308 
Ohio 22 
1 
1 
l 
6386 
513 
445 
890 
New Jersey... , 743 
10. Massachusetts... ... 535 
470 
1 465 
1 391 
{ 


The National Council of Teachers of Mathematics Analysis of Membership 
Growth, Members and Subscribers, May 1957 to May 1958 
Goals and Per Cents of Goals Reached 


May 1958 


19,000 
Individ- 
May 1957 uals tals % 


Alabama. . 147 133 177 9: 92% : 82% 
Arizona. . 165 139 203 8 299% 3 267% 
Arkansas 156 121 170 ¢ 88% , 78% 
California 1,163 825 1,445 9¢ 145% 3 130% 
Colorado. . 208 194 243 119% ‘ 107% 
Connecticut 259 225 339 ‘ 131% 2 117% 
Delaware..... 69 63 82 103% ¢ 92% 
Dist. of Co- 
lumbia. ; 198 188 211 ‘ 101% 2% 90% 
Florida... 423 418 528 : 133% 119% 
Georgia. . 185 170 226 y 107% 236 «696% 
| aan 21 17 27 135% 117% 
Illinois. . 1,143 1,177 1,513 4 112% 100% 
Indiana. . 557 544 89% j 79% 
lowa.... 297 7 338 335 101% 90% 
Kansas..... 299 K 377 352 107% 39% 96% 
Kentucky. . 115 26 156 39 112% 56 100% 
279 7 356 313° 114% é 102% 
78 7 94 121% 108% 
Maryland.... 301 276 365 323 113% 36 101% 
Massachusetts 442 ¢ 535 107% 96% 
Michigan... . 640 900 380 132% 0 118% 
Minnesota... 368 32% 465 102% 92% 
Mississippi. . . 137 5 155 39 112% 99% 
Missouri... . 316 26 350 > 94% 84% 
Montana. . 68 97 8 143% 128% 
Nebraska... 142 ‘ 164 88% 7 78% 
N 23 ) 25 167% 147% 
New Hampshire 82 94 3 129% 2 115% 
New Jersey. 598 . 743 536 «117% 7 105% 
New Mexico. . 86 F 101 101% 90% 
New York.... 1,378 1,686 : 126% ¢ 113% 
North Carolina 209 237 82% 32: 73% 
North Dakota ; ¢ 86% 76% 
ee 38 116% 937 104% 
Oklahoma.... 265 123% 109% 
Oregon....... 177% 158% 
Pennsylvania. : K 122% 109% 
Rhode Island . 5 108% 97% 
South Carolina 82% 73% 
South Dakota. 3: 132% 117% 
Tennessee... . 5 9 85% 76% 
117% 105% 
130% 5 

Vermont..... : 5 91% 

Virginia : 99% 

Washington... 32% 125% 

West Virginia. 64% 

Wisconsin. ... 99% 

Wyoming 129% 


ToTaLs.... 13,697 18,693 115% 18,228 
Hawaii & U.S. 

61 92 3 111% 93 
Canada ; 189 321 141% 255 
Foreign...... 183 391 102% 429 


Granp Totrats 16,181 14,130 19,497 115% 19,005 


500 The Mathematics Teacher | October, 1958 


21,000 
— 
237 75% } 
84 242% 
239 71% 
1,231 117% 
252 96% 
319 106% 
99 83% 
258 82% 
491 108% 
260 87% 
25 108% 
1,663 91% 
758 72% 
414 82% 
435 87% 
172 91% 
386 92% 
97 97% 
399 91% 
615 87% 
840 107% 
561 83% 
172 90% 
462 76% 
84 115% 
231 71% 
19 132% 
90 104% 
785 95% 
124 81% 
1,653 102% 
357 67% 
61 69% 
1,035 93% 
332 97% 
187 143% 
1,287 99% 
99 87% 
191 67% 
50 108% 
344 69% 
941 95% 
67 104% 
57 74% 
500 80% 
319 101% 
220 52% 
588 80% 
| 50 106% 
103% 20,140 93% 
99% 103 89% 
. 126% 282 114% 
1% 475 82% 
193% 21,000 93% 
{ 


FUTURE PLANS 

Seldom in the history of the National 
Council has there been such widespread 
interest in mathematics education at all 
levels of instruction. Let us respond to this 
heightened interest by stepping up our 
publicity and publicity releases in keeping 
with the times. 

1. You, the current members of the 
Council, are our most effective pub- 
licity agents. It has been your out- 
standing co-operation in our “Each- 
One-Win-One”’ procedures of the past 
which has been largely responsible for 
our most commendable membership 
growth. We are counting on you for a 
continuance and expansion of this fine 
service. If we can help you in any way 
by supplying you with added infor- 
mation and materials with which to 
work, please write us about it. 

2. We cannot emphasize too strongly the 
importance of National Council pub- 
lications, THe Maruematics TEAcH- 
ER, The Arithmetic Teacher, and The 
Mathematics Student Journal, the sup- 
plementary publications, the pub- 
lications of results of research in 
mathematics education, and the year- 
books. Current and invaluable is the 
Twenty-third Yearbook, Insights into 
Modern Mathematics. Attention should 
be called to the fact that special prices 
are given to Council members on all 
Council yearbooks. 

. Arecent letter from our president, Dr. 
Harold P. Fawcett, informs us of the 
following expanded Council services. 
a. “The Committee on Supplemen- 

tary Publications will, in course of 
time, make available appropriate 
materials on modern mathematics 
which should be most helpful to 
our membership. 

. Secondary School Curriculum 
Committee is in process of prepar- 
ing an interim report which will be 
designed to answer the many, many 
questions which have been received 
by our National office. 


. “T am also anticipating that the 
Committee on Teacher Education, 
Certification, and Recruitment, as 
well as the Research Committee, 
will develop materials of value.” 


4. Additional publicity materials re- 


garding the expanding services of the 
Council are being prepared this sum- 
mer by Mr. M. H. Ahrendt and will 
be available to you early next fall. 


5. National Council conventions are in- 


valuable in the inspiration and direct 
assistance which they afford to all who 
can possibly attend them. We shall 
look forward to seeing you at these 
meetings. Do come and bring several 
of your colleagues with you. 


). Members of the mathematics staff in 


state teachers colleges and other great 

schools of education are doing the 

Council a tremendous service by in- 

teresting their undergraduate  stu- 

dents in junior membership in the 

Council. May we remind you: 

a. Students qualify for junior mem- 
bership throughout the four years 
of their undergraduate study, pro- 
vided their status as students is en- 
dorsed each year with the National 
Council Washington office by a 
staff member of the institution 
which they attend. 

. The student membership fee re- 
mains the same as formerly, with 
one journal available for $1.50 a 
year, and both for $2.50. 


. You who are supervisors and/or 


mathematics department chairmen 
are obtaining increasingly fine results 
in your work with your teachers. We 
are counting on your continued help 
in interesting these teachers in Na- 
tional Council services. 


. State and local associations of mathe- 


matics teachers, in co-operation with 
State Representatives 10 the National 
Council, are performing an outstand- 
ing service to the Council. A very 
great deal of the strength of the Coun- 
cil is due to your loyalty and your 
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enthusiastic support. A continuance of 
your fine work is vital to the success 
of Council services. 

. Library and other institutional sub- 
criptions will continue to be included 
in preparing reports of membership 
growth. Check with your school to see 
that these subscriptions are renewed. 
Prompt renewal of membership is al- 
ways greatly appreciated. This greatly 
facilitates the keeping of accurate 
records and the preparation of reports 
which are right up to the minute. 


The Membership Committee thanks 
each of you most sincerely for your en- 
thusiatic co-operation and support at all 
times. Please accept our best wishes for a 


most suecessful professional year just 

ahead. 
PEARL Bonp 
MARIAN C. CLIFFE 
Mary L&E Foster 
JANET HEIGHT 
LuctLtLE Houston 
J. Hunt 
FLORENCE INGHAM 
MILDRED KEIFFER 
FairH NOVINGER 


Bess Parron 


M. H. Aunrenpt and 
ELIzABETH RoUDEBUSH, 
Ex Officio members 


Mary C. RoGers, Chairman 


Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and ad- 
dress of the person to whom you may write for 
further information. For information about 
other meetings, see the previous issues of THE 


Maruematics Teacner. Announcements for 
this column should be sent at least ten weeks 
early to the Executive Secretary, National 
Council of Teachers of Mathematics, 1201 Six- 
teenth Street, N. W., Washington 6, D. C. 


NCTM convention dates 


EIGHTEENTH CHRISTMAS MEETING 

December 29-30, 1958 

Sheraton-McAlpin Hotel, New York, New York 

Elizabeth Sibley, 1&8 Stuyvesant Oval, New 
York 9, New York 


THIRTY-SEVENTH ANNUAL MEETING 


April 1-4, 1959 

Baker Hotel, Dallas, Texas 

Arthur W. Harris, 4701 Cole Avenue, Dallas 5, 
Texas 


JOINT MEETING WITH NEA 


June 29, 1959 

St. Louis, Missouri 

M. H. Ahrendt, 1201 Sixteenth Street, N. W. 
Washington 6, D. C. 


NINETEENTH SUMMER MEETING 

August 17-19, 1959 

University of Michigan, Ann Arbor, Michigan 

Phillip 8. Jones, Mathematics Department, 
University of Michigan, Ann Arbor, Mich- 
igan 
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Special Descript-Board Kit 
for Geometry Students 


90 day free trial offer— Mail coupon below 


Here is a quality, lightweight drawing 
unit that is convenient for the student 
to use in math class, to store in his 
locker or carry away for homework. It 
is a sturdy basswood board that’s per- 
fect for geometry drawing. Attached to 
the bottom side of the board by a slot 
and clamp arrangement are a board size 
T-Square and two triangles—45° and 
30° x 60°. 


The 13” x 19” Descript-Board Kit (No. 
2246) is only $2.00 (Our special class- 
room price) 10” x 12” (No. 2245) and 
17” x 22” (No. 2247) Kits are available. 
All instructors are invited to take ad- 
vantage of Post’s 90 Day Free Trial 
Offer. Mail the coupon below and your 
Kit will be sent to you by return mail. 


Mannheim Type 10” Student Rule—specially priced 


The Post Bamboo Student Rule is faced with white cellu- 

loid and has Engine Divided Scales for lifetime legibility. 

This is a professional quality rule at the student price of 

only $2.81. Your students can buy rules that cost less but 

they will sacrifice yoy readability and wearing qual- 
or 


ities. Examine this rule ourself—take advantage of 
Post’s 90 Day Free Trial Offer. Be sure your students 
get the most for their money. Send in the coupon today. 


Frederick Post Company 

Educational Sales Division 

3650 N. Avondale Ave. 

Chicago, Illinois Cl Check Enclosed 


( Please send me the Please send me the Cy sour 80 Day 
Post #2246 Geometry Post #1447 Student Free Trial Offer 
Drawing Kit (13" x Slide Rule. The price Payment will be made 
19”). Price is $2.00. _ is $2.81. 

merchandise will be 


Please mention THE MatHematics TEACHER when answering advertisements 


| 
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AN INTRODUCTION TO SETS 
AND THE STRUCTURE OF ALGEBRA 
By W. R. KRICKENBERGER 


and HELEN R. PEARSON 
The Arsenal Technical High School, Indianapolis 


This booklet, written especially for high-school students, intro- 
duces basic vocabulary, symbolism, and concepts of set theory 
through clearly worded text and illustrative examples.. Exercises 
are provided. 


Applications include brief discussions of the function concept 
and of probability. A considerable section is devoted to the 
study of algebra as a logical structure. 


This material may be used separately or in connection with stand- 
ard courses in high-school mathematics. 


GINN AND Send your orders to our nearest sales office. 


COMPANY Home Office: Boston Sales Offices: New York 11 Chicago 6 
Atlanta3 Dallas! Columbus 16 Palo Alto Toronto 7 


P Tro b l EM. To revise the high school mathematics curriculum 
to meet the demands of the times without attempting the impossible 


P TO b l € MN. To awaken and preserve the interest of high school 
students in mathematics 


P TO b [ CEM. To provide a sound mathematical foundation for 
at the gifted and the average—for college work and for everyday 
iving 


Answer: 


THE FUNCTIONAL 
MATHEMATICS SERIES 


By Gager and others 


This exciting program for grades 7-12:is a MIDDLE WAY between tradi- 
tional mathematics and the extremes of “modern mathematics.’”” FUNC- 
TIONAL MATHEMATICS is integrated mathematics. FUNCTIONAL 
MATHEMATICS fully meets college entrance requirements. We suggest 
that you introduce the texts for grades 7, 8, 9, and 12 the first year. If you 
have not seen these books, write about examination copies. All volumes, 
grades 7-12, are now ready. 


For further information, write to 


CHARLES SCRIBNER’S SONS 


EDUCATIONAL DEPARTMENT, 597 Fifth Ave., New York 17, N. Y. i mt ans 


Please mention THe Matuematics TEACHER when answering advertisements 


| } 
for 
| courses 
in 
| modern 


MATH-MASTER* 


graph BOARDS 


FEATURES 
@ Framed—ready to hang 
"Clearsite Green" Chalkboard 
@ Embossed coordinate system 
—SPECIFICATIONS— 
size wt. price 
3x4 25 Ibs 32.50 ea. 


(We will custom make any size— 
write for prices.) 


GAMCO Products 
Box 305, Big Spring, Texas 


“TEN TEACHING AIDS YOU CAN MAKE” 


These teaching aids are the result of over 25 years experience in the 
mathematics classroom. 

Each of these aids, so easy to make by following the simple directions 
and the accurate illustrations, is used for not one, but for many, many, 
perfect lessons. 

The aid immediately captures the interest of the class and holds that 

aa interest throughout your lesson. 

A “gold mine” of good and effective lessons for you and your classes. 


Send $1.00 for 


Your Copy to: 
CIEACHING AIDS 3625 LATHAM ROAD BALTIMORE 7, MAPSLAND 


YOUR MONEY REFUNDED IF YOU ARE NOT COMPLETELY SATISFIED WITH THIS BOOKLET 


THE MALLORY MATHEMATICS SERIES 
for high school 


BY VIRGIL S. MALLORY, ET AL 


GENERAL MATHEMATICS 
MATHEMATICS FOR EVERYDAY AFFAIRS 
COMMERCIAL ARITHMETIC 
HIGHER ARITHMETIC 
FIRST ALGEBRA 
SECOND ALGEBRA 
PLANE GEOMETRY 
SOLID GEOMETRY 
NEW TRIGONOMETRY 
SENIOR MATHEMATICS 


A complete high school mathematics program. Each text is based on 
the needs and nature of the student at a particular level of maturity. 
Each contributes to the achievement of a single unified set of objectives. 


Further details about the series or any individual book will be furnished 
on request. 


The L. W. Singer Company, Inc. 


BENJ. H. SANBORN & CO., AFFILIATE 
249-259 W. Erie Boulevard Dept. 813 Syracuse 2, New York 


Please mention THe MATHEMATICS TEACHER when answering advertisements 


7 


TEACH GEOMETRY BETTER 


with the use of BURNS BOARDS. Results in more effective 
learning through teacher demonstration and pupil discovery. 


BURNS BOARDS ®@ Allow correct training in induction BURNS TEACHERS’ BOARDS 


© Create interest Lead to discovery of relationships 
© Give meaning Help to state generalizations Each 
© Save time of student end teacher board is equipped with elastics and pegs 

for easy manipulation. The teacher's in- 

structions include examples which can be 

quickly set up on the boards. As the teach- 

er demonstrates theorems, each pupil with 

his own board can work out the same 

Instructions furni 


No. 855 Per set 
Per board 


BURNS PUPILS’ BOARDS 
Classroom pe has proved them 


: to be a powerful stimulus to learning—a 

No. 855-16 Circle true laboratory approach—encouraging 

Circumscribed About 7 student investigation and discovery. For 

a Triangle best results have students work in pairs 

with one board. Boards (9 x 12”) are 

10 boards per set, one each of following: complete with elastic and pegs. Directions 

and one set of work sheets furnished. 
Triangles and Their Angles Circle Circumscribed About a 
Quedrilaterals, Parallelo- Triangle 
grams and Their Diagonals ‘Triangles Equal in Area , 
te SEND FOR FREE CIRCULAR 


eumeanstiiemtes IDEAL SCHOOL SUPPLY CO. 


Perpendicular Bisector 8312 S. Birkhoff Ave., Chicago 20, 111. 


CIRCLE RATIO—DIAMETER Binders for the 
TO CIRCUMFERENCE MATHEMATICS TEACHER 


Devices to Teach Basic 


Concepts of Mathematics e 


FIELD WORK INSTRUMENTS || This handsome, durable, magazine 

Transits, Plane Tables, Alidades, Sextants, Hypsom- | | binder has been restocked, due to wide 

eters, Angle Mirrors, Tapes, Leveling Rods, Ranging | | demand. Designed to hold eight issues 
Pol 

oles (one volume) either temporarily or 

GROVE’S MOTO-MATH SET permanently. Improved mechanism. 

To illustrate all plane figures in Modern, High | | Dark Green coves with words “Mathe- 

School and College Mathematics matics Teacher” stamped in gold on 

cover and backbone. Issues may be in- 


MULTI-MODEL GEOMETRIC || serted or removed separately. $2.50 
CONSTRUCTION SET 


For Solid Geometry and Modern Mathematics 
BOOKS—VISUAL AIDS—MODELS | 
Outline of Mathematics Contest—free 
SEND FOR LITERATURE AND PRICES NATIONAL COUNCIL OF 


1201 Sixteenth Street, N.W. 
The Mathematics House Since 1930 | WASHINGTON 6, D.C. 

East Palestine, Ohio 


each. 


Please mention THe Matuematics TEACHER when answering advertisements 


Pythagorean Theorem 
: Altitudes of Triangles ee 
NEW NEW NEW ; 
{ 


The Mathematics 
of Life Insurance 


It’s practical! 
It’s stimulating! 
It’s fun! 


Here’s a booklet developed especially 
for use in high school mathematics Who's who on ov 
courses. It’s right in step with the Missile advisory committee 
Age emphasis on scientific courses. ig 

Your students learn how to apply their State Teachers College 
mathematics to the principles involved Montclair, New Jersey 
in life insurance. Problems and ques- M ; 

ILDRED KEIFFER 
tions at the end of each chapter are de- Supervisor of Mathematics 
signed to promote stimulating classroom (Secondary Schools ) 
discussion. Cincinnati Public Schools 

Send for your sample copy and Teach- Costtenatt, Chin 
er’s Manual. After examining them, you Max A. Sopex, Ph.D. 
may obtain classroom quantities free of State Teachers College 
charge. Sorry, not available in Canada. Montclair, New Jersey 


Institute of Life Insurance 


Educational Division 
488 Madison Avenue, New York 22, N.Y. 


Educational Division, Institute of Life Insurance 
488 Madison Ave., New York 22, N. Y. 


I'd like to have a free copy of “The Mathematics of 
Life Insurance” and Teacher’s Manual. 


Please mention THe Matuematics TEACHER when answering advertisements 


Math 
| y/ 
| 

| 

| 

| 

| 

{ 


Gives business students a basic foundation 
of sound mathematical principles 


MATHEMATICS in BUSINESS 


By LLOYD L. LOWENSTEIN 


Professor of Mathematics, Arizona State College, Tempe 


This text is for use in a first course in the mathematics of business. It 
offers a firm foundation for further work in the mathematics of finance, 
accounting, business statistics, insurance, and other subjects. The author 
has not attempted to consider each and every type of mathematical prob- 
lem which might arise in each and every type of business. Instead, he 
provides a basic grasp of general principles. Understanding, rather than 
a heterogeneous collection of formulas, is the keynote. 


The text is unified. Topics are not studied and then dropped, to be 
forgotten by the student when later sections are being studied. There 
are frequent references to and applications of principles learned earlier. 


New ideas can be developed by the student himself. Better stu- 
dents are spurred to discover some principles on their own. However, all 
such new ideas are carefully developed in the text for the student who is 
unable or untrained to think originally. 

Definitions are clear and precise. The use of the same word to identify 
two different things is avoided. 

“Twin problem” feature. The problems are carefully graded. An odd- 
numbered problem and its immediate even-numbered successor are of 
the same type and degree of difficulty. By assigning all odd-numbered or 
all even-numbered problems the instructor will be assured of a complete 
sampling. Since the answers to only odd-numbered problems are given 
in the book, the instructor can assign problems either with or without 
answers, as he prefers. 

Time-value diagrams for interest and discount problems and related 
problems are introduced early and used throughout the text. 

The text is flexible. Students with varied backgrounds can use the book. 
If students have had a year of high school algebra they will be able to 
start with Chapter 3. Those needing a grasp of algebraic fundamentals 
should start with Chapter 2. Those needing some review of arithmetic 
will find what they need in Chapter 1. 


1958. 364 pages $4.95 


Send today for an examination copy. 


JOHN WILEY & SONS, Inc. 
440 Fourth Avenue New York 16, N. Y. 
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INTRODUCING MATHEMATICS 


By FLOYD F. HELTON 
Professor of Mathematics, Central College 


Here is a pre-tested text for freshman mathematics students who enter 
college with little or no mathematical background. This book meets the 
special problems of these students squarely and provides teachable ma- 
terial suited to their needs, interests, and capacities. It is designed for a 
terminal course for students not prepared to take the standard-level course 
in college algebra; or a foundation course for those who wish to study 
college algebra and/or trigonometry, business mathematics, elementary 
statistics, or mathematics for elementary teachers. There are no pre- 
requisites. 

The purpose of this unusual book is to develop in a careful, logical, 
and interesting manner the basic ideas and techniques of essential 
arithmetic, elements of algebra, and elements of geometry. Here are a 
few of the features which set the book apart from others in the field: 


Pre-tested. The book was developed out of the author's ten years of 
special experience with freshmen who were unable to cope with the be- 
ginning algebra course usually given in college. All parts of the text have 
been used in from three to five successive revisions, each taking advan- 
tage of experience with the previous version. 

Emphasis. The author purposely avoids the extremes of either strictly 
drill routines or of purely descriptive material devoid of real mathemat- 
ical content. Emphasis is on the ideas of elementary mathematics, with 
enough manipulative routine to fix these ideas in practice. 

Historical sidelights. Many of the topics are introduced in terms of 
their historical development, and sidelights of the history of mathematics 
are given throughout the book, wherever appropriate. 

Exercises. The book is rich in exercises, both as to number (nearly 
3000) and variety. Many of these have evolved from experience in 
actually teaching the course. 


1958. 396 pages. $5.75. 
Send today for an on-approval copy of Helton's Introducing Mathematics. 


JOHN WILEY & SONS, Inc. 
440 Fourth Avenue New York 16, N. Y. 


Please mention THe MarHematics TEACHER when answering advertisements 
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The STRUCTURE of 
ARITHMETIC and ALGEBRA 


By MAY HICKEY MARIA 
Assistant Professor of Mathematics, Brooklyn College 


The aim of this book is to make available to the non-science student 
and to the teacher of secondary school mathematics the fundamental 
concepts that underlie the structure of algebra and arithmetic. For this 
purpose it adopts an unsophisticated approach to the general methods 
of modern mathematics and at a leisurely pace explores and develops 
the main properties of real numbers as logical consequences of a system 
of fundamental assumptions. The essential features of this text are: 


@ the abstract viewpoint adopted at the outset toward the totality 
of real numbers as logical entities; 


@ the extensive set of axioms selected for characterizing the real 
numbers ; 


@ the unsophisticated method of proof used throughout which is 
appropriate to the subject matter and to the maturity of the begin- 
ning student ; 


@ the completeness of the development of the properties of real num- 
bers at the elementary level. 


To accomplish the aims of the text, Dr. Maria has selected the axio- 
matic approach because its broad and unified viewpoint allows considera- 
tion of extensive matheffiatical material and at the same time provides 
an effective means for teaching the detailed content. Because the book is 
written for beginners, inexperienced in algebraic proof, the author has 
spared no effort in making clear what is to be proved and how a proof 
will be made. When derivations are left to the student, ample suggestions 
are given for their proof. 


To resolve the problem of writing the many reasons needed in a proof, 
the text employs an alphabetical code of references, based on abbrevia- 
tions of descriptive names given to the axioms, definitions, and theorems. 
Frequent exercises have been inserted to help the student fix or clarify 
a newly introduced idea or for the purpose of organized review. 


1958. Approx. 326 pages. Prob. $6.75. 


Send for your examination copy today. 


JOHN WILEY & SONS, Inc. 
440 Fourth Avenue New York 16, N. Y. 


Please mention THe MAtuematics when answering advertisements 
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SPACE 
SPIDER 


for 
Student Use 


¢ Allows construction of various ruled surfaces. 


® Displays beauties of geometric form in 2 and 


3 dimensions. 


© Demonstrates generation of curved surfaces 
by straight lines, 


School kit 
No. SS-6 
$5.75 ppd. 


Contains 18 black 6” x 6” perfor- 
ated planes with coordinate index 
system on backs, easily assembled 
into “corners; 18 spools elastic 
cord in 6 fluorescent colors 
(enough for appr. 50 projects); 
clips; instruction books. 


WALKER PRODUCTS 
Dept. MTB, 1530 Campus Dr., Berkeley 8, Calif. 


DO YOU DREAD 


TRY THE EASY, 
DUSTLESS WAY 
OF BLACKBOARD WRITING 


NEW HAND-GIENIC, the automatic pencil 

that uses any standard chalk, ends forever 

messy chalk dust on your hands and clothes. 

No more recoiling from fingernails scratching 

on board, screeching or crumbling chalk. 

Scientifically balanced, fits hand like a foun- 

tain pen... chalk writing becomes a smooth 

pleasure. At a push of a button chalk ejects 

retracts for carrying in pocket or purse. 

it's the ‘natural’ gift for a fellow teacher, too! 

STOPS CHALK WASTE—CHECKS ALLERGY 

Because HAND-GIENIC holds chalk as short os 

4" and prevents breakage, it allows the use of 

95% of the chalk length in comparison with 

only 45% actually used without it. Hand never 

touches chalk during use, never gets dried up or infected 
from allergy. 

STURDY METAL CONSTRUCTION for long, reliable service. 
1-YR. WRITTEN GUARANTEE. Jewel-like 22K gold plated 
cap, coe mios barrel. Distinctive to use, thoughtful to give. 
FREE TRIAL OFFER. Try it at our risk: Send for one (or 
only $5 for set of 3). Postage free—no COD's. Enjoy HAND- 
GIENIC for 10 on show it to other teachers. If not de- 
lighted, return for full refund. Ask for quantity discounts and 
Teacher-Representative plan. It's not solid in stores. ORDER 
TODAY. 
HAND-GIENIC, Dept. |, 2384 West Flagler, Miami 35, Fla. 


MATH-MASTER™ Graph Paper 


per sheet) 


Single-Rect. 


Double-Rect. 
FEATURING ... 


1. Working Space Around the Drawing 
2. Popular Prices (less than | cent 


3. ORANGE Colored Systems 
4. 25 or 50 Sheet Pads 
5. Fits Any Notebook 


GAMCO Products 
Box 305 
Big Spring, Texas 


Trigonometric 


Polar 
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mathematics 
isan 
everyday 
attair... 


. and because it is an everyday affair, students who are 
taking their final course in mathematics should have a text 
that will give them the essential mathematics they need for 


everyday living. 


MATHEMATICS IN DAILY USE 
Third Edition—Hart, Schult, Irvin 


Motivation is “built-in” because the problems in the text are 
so very practical and so obviously useful. Arithmetic proc- 
esses are taught inductively and taught thoroughly ; abundant 
practice material is provided; new concepts and skills are 
used immediately after they are introduced. Here, too, is in- 
formation on the fundamentals of banking, taxes, insurance, 
and simple business transactions that concern every person 


and every family. 


Heath and Company 
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HOW TO— 


How to Use Your Bulletin Board 
Donovan A. Johnson 
and Clarence E, Olander 


Make your bulletin board a genuine teaching aid. 
Discusses purposes, appropriate topics, supplies 
needed, techniques, and “tricks of the trade.” 

12 pages. 50¢ each. 


How to Develop a Teaching 
Guide in Mathematics 
Mildred Keiffer and Anna Marie Evans 


Discusses steps in the development of a guide, 

principles involved, content, and use. Contains an 

annotated bibliography of reference materials. 
10 pages. 40¢ each. 


How to Use Field Trips in 
Mathematics 
Donovan A. Johnson, Dirk Ten Brinke, 
and Lauren G. Woodby 


Discusses types of field trips, purposes, where to 
go, how to plan, follow-up activities, and the like. 
Gives examples of actual field trips. 

8 pages. 85¢ each. 


NO. 4 


How to Use Films and Filmstrips in 
Mathematics Classes 
Robert Vollmar and Philip Peak 


Discusses the selection and use of films and film- 
strips, including attitudes, objectives, preview 
and selection, procedures for effective use, and 
evaluation. 

14 pages. 50¢ each. 


How to Use Your Library in 
Mathematics 
Allene Archer 


Discusses purposes, outcomes, reference materials, 

topics, and projects. Information on historical] re- 

ports, things to make, mathematicians, quotations. 
6 pages. 40¢ each. 


NATIONAL COUNCIL OF 


TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. 
Washington 6, D.C. 


Your students 
will bhe the new 


MATHEMATICS 
STUDENT JOURNAL 


A quarterly publication of the 
National Council of Teachers 
of Mathematics 


For students from Grades 7 thru 12. | 


Redesigned in format, doubled in size, 
printed in two colors, expanded in 
range and content. 


Contains material for enrichment, rec- 
reation, and instruction. 


Features challenging problems and 
projects. 


Two issues each semester, in Novem- 
ber, January, March, and May. 


Note these low prices: 
Sold only in bundles of 5 copies or 
more. Price computed at single-copy 
rates of 30¢ per year, 20¢ per se- 
mester, making the minimum order 
only $1.50 per year or $1.00 per 
semester. 


Order promptly to receive the November issue. 
Please send remittance with your order. 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N. W. 
Washington 6, D. C. 
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Welch 


Logarithm and Trigonometric Function 


Wall Chart 


Two colors 
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No. 7550 


Logarithms are on one side 
Trigonometric Functions are on the other 


THE CHART IS REVERSIBLE—A simple cord and roller arrangement 
allows either side to be shown. 

COLOR IS FUNCTIONALLY USED—Printed in black and red on heavy, 
white, chart stock. 

IT IS EASY TO READ—The %-inch high letters can be read with ease 
from the back of the usual size classroom by persons with normal vision. 
Recommended for high school or college mathematics 
and science classrooms 


No. 7550 CHART, complete with roller, cord, mounting brackets, and sto 
Each, $15.00 
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W. M. WELCH 
SCIENTIFIC 
comMPANY 


10, Ilinois, U.S A 
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